
 

In this example the plant consists of two masses m1 and m2 which are connected with a rope and the mass 
m1 is suspended from m2 by the rope, as shown in Figure 1. They represent a simple model of an overhead 
crane where the mass m2 can only move along they y direction as a result of the control force Fc which is 
applied on m2 along they y direction. Equations 1 are describing the motion of the two masses. 
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Where: 
g  is the acceleration due to gravity 
θ  is the angle of the string from vertical 
L  is the length of the pendulum 

 

Figure 1 Simple Overhead Crane Plant Model  



There is also a disturbance force Fd that is acting on the bottom mass m1 and it is along the y1 direction. The 
design requirement for this plant is to control the position y1 of the bottom mass m1 by applying a control 
force Fc on the top mass m2 which affects the position of both masses (y1 & y2). We should be able to 
command the position of m1 by moving m2 and we should also be able to maintain the m1 position constant 
when the disturbance force Fd is applied on m1. From equations 1 we can write the plant equations in state-
space form, assuming that g/l =1 and m1=m2 
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Where: 
x(t)  is the state vector, x= [y1, y2, 𝑦𝑦1̇,𝑦𝑦2̇] 
uc(t)  is the control force Fc 
wd(t)  is the disturbance force Fd 
w(t) is the process noise vector 
 
The output vector in equation 3 consists of only two deterministic measurements: the position y1 of the 
mass m1 and the pendulum angle θ of the rope from vertical. Where: v is a zero mean white measurement 
noise vector. 
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Design Approaches 

In this example we will design control systems that use the two output measurements, the m1 position y1 
and the pendulum angle θ to calculate the required control force on m2 in order to control the position of 
the bottom mass y1. The LQR and H-infinity control design methods guarantee stable solutions but since we 
want to control the position y1 of the bottom mass m1 under the influence of disturbance forces we will 
introduce one additional state in the design model (y1-integral) and we will design a state-feedback 
controller for the augmented 5-state plant. However, since most of the states are not measurable, we 
cannot directly apply state-feedback and must design an estimator for the four-state vector, x= [y1, y2, 
𝑦𝑦1̇,𝑦𝑦2̇] and apply the state-feedback from the estimated states plus the y1-integral which is known and it 
does not need to be estimated. We will demonstrate three approaches of finding solutions to this problem: 
(a) an H-infinity output feedback dynamic controller, (b) an H-infinity state-feedback gain controller in 
combination with a Kalman-Filter estimator, and (c) an LQG state-feedback/ estimator approach. We will 
use the Flixan program to create the dynamic models for control design and analysis and produce three 
separate control systems for each design method. We will then analyze performance of each system in 
Matlab using simulation models and will examine stability using Bode and Nichols plots. 



1. H-Infinity Design Using Output Feedback 

This H-infinity design creates a dynamic controller that closes the loop between the 2 plant outputs y1 and 
θ, and the control force that drives m1. We will use the plant model “Overhead Crane Design Model” to 
create the Design Model and then the Synthesis Model for the H-Infinity algorithm. This system has two 
inputs: the control force Fc on m2, and the disturbance force Fd on m1. It also has three outputs: (y1, θ, and 
y1-dot). The states are the two mass positions and velocities. We will augment this system by adding one 
more state, the integral of m1 position (y1-integral). This additional state is needed in order for the system 
to maintain y1 position in the presence of steady disturbance forces Fd. The augmented system title is 
“Crane Design Model with Y1 Integral” and it has one additional state and output, the integral of m1 
position, y1-integral. We will then use this augmented design model to create the H-infinity SM, a 9-
matrices system which is the input to the H-infinity program. The creation of the Synthesis Model is an 
interactive process where the user defines the control and disturbance inputs, and the measurement and 
performance criteria outputs. The user must also define the input and output scaling gains which is an 
iterative process. 

1.1 The Flixan Files 
 
The files for this H-infinity design are in directory: “\Flixan\Control Analysis\Hinfinity\Examples\Crane Hinf\ 
1-Output Fbk Hinf”. The input file is “Crane Hinf1.Inp” and it contains the Flixan datasets that generate the 
plant models and calculate the dynamic H-infinity controller. It begins with a batch set that can be used to 
process the entire file. The batch retains the previously created plant system and the control synthesis 
model in the systems file “Crane Hinf1.Qdr”. 

  



  



The input file includes the H-infinity design dataset, title: “Overhead Crane H-Infinity Design” that creates 
the control state-space system by reading and processing the SM, title: “Crane Design Model with Y1 
Integral/SM-2”, which is already created and saved in the systems file. The control system is saved in the 
systems file under the title “H-Infinity Control for Overhead Crane System”. There is an H-infinity model 
creation dataset in the input file that can create the 9-matrices SM via the batch set, but the SM is first 
created interactively as we shall see in the section 1.6. It includes two titles. The first title “Crane Design 
Model with Y1 Integral/SM-1” is the name of the SM that will be created. The second title “Crane Design 
Model with Y1 Integral” is the system that it will be created from. The dataset creates the SM by processing 
the instructions that follow and it includes the scaling gains. The crane and controller systems are 
converted to Matlab m-functions “crane.m” and “control.m” and are loaded into Matlab by executing the 
script “init.m”. 

 

1.2 Systems File “Crane Hinf1.Qdr” 

 



 



 





 

 

  



1.3 Control Analysis 

The Simulink model “Open_Loop.Slx” in Figure 1.1, is used to analyze control stability. It includes the two 
Flixan generated systems: the crane model and the control system in open-loop. The loop is opened at the 
control force input to the top mass m2. The disturbance force input is not used for stability analysis. The 
two outputs of the crane model (y1 and θ) are inputs to the control system. The control system was 
designed based on the augmented design system that includes y1-integral, and a y1-integrator is included 
to drive the controller third input. The script file “frequ.m” below, calculates the frequency responses and 
plots the Bode and Nichols plots shown in Figure 1.2. Notice that the system has a big resonance at 1.41 
(rad/sec) which is at the pendulum frequency. The control system counteracts the natural pendulum mode 
by introducing an anti-resonance at the same frequency since it is designed around the plant model.  

 

Figure 1.1 Frequency Response Analysis Model “Open_Loop.Slx” 

 



 

Figure 1.2 Frequency Response Stability Analysis Results Showing Phase and Gain Margins 

 

 

The script file “frequ.m” calculates the open-loop system frequency response and plots the Bode and 
Nichols plots in Figure 1.2. 

1.4 Simulation Models 
 
Figure 1.3 shows two Simulink models that analyze the H-infinity control system performance. The first 
model “Crane_Sim-1” is used to test the controller state-feedback gain Cc directly from the four states: x= 
[y1, y2, 𝑦𝑦1̇,𝑦𝑦2̇] without a state estimator. The second model “Crane_Sim-2” includes the entire dynamic 
controller from the two plant outputs (y1, θ) plus y1-integral. 



 

Figure 1.3 Two Simulation Models “Crane_Sim1” and “Crane_Sim2”. The first one uses State-Feedback via matrix 
Cc. The second one uses Output Feedback via the H-Infinity Control System 

1.5 Simulation Results 
 
Figure 1.4 shows the system’s response to m1 displacement command y1cmd. The pendulum swings under 
the influence of the control force, the force reverses and the pendulum angle returns to zero. In the mean-
time m1 catches up to the command. 
 
Figure 1.5 shows the system’s response to a steady disturbance force Fdst=1 on the bottom mass m1. Mass1 
moves in the direction of force under the influence of the disturbance force and the pendulum angle θ 
swings negative and oscillates. A negative control force -1 is applied on the top mass m2 to counteract the 
disturbance force. The bottom mass m1 returns to its original position under the influence of the control 
force Fc=-1. The top mass m2 moved to the left and the pendulum angle θ stabilized at -1. 



 

Figure 1.4 System’s Response to m1 Position Command 

  



 

Figure 1.5 System’s Response to an External Disturbance Force on m1 



1.6 Running the H-Infinity Program Interactively 

The input and systems files in this example are already set up to be processed in batch mode but in this 
section, we will run the H-infinity program interactively. We will first create the Synthesis Model from the 
design system “Crane Design Model with Y1 Integral” which is already saved in the systems file “Crane 
Hinf1.Qdr”. The Synthesis Model is a 9-matrices system that is used by the optimization algorithm to create 
the control system. The SM defines which inputs are controls and disturbances and which outputs are 
measurements and optimization criteria. It also includes gains which are used to define the control 
requirements trade-off between bandwidth, stability and performance in the H-infinity optimization. We 
will design the control system interactively using the SM, design the control system and save it in the 
systems file. We begin by running the H-infinity design program and selecting the first option as shown 
below. Use the menus to select the systems filename and the augmented design system. 

  

The SM will be created from the augmented system “Crane Design Model with Y1 Integral”, by selecting 
some inputs and outputs using menus and placing them into groups. The first dialog is for selecting 
parameter variation pairs that connect with uncertainties. In this case we don’t have any, so click on “No 
Uncertainties”. 



  

The next menu is for defining external disturbance inputs. The system has two inputs. Select the second 
input which is the disturbance force on m1, and click on “Enter Selects” to continue. 

 

 



The next menu is for selecting the control inputs uc. There is only one control input in the design system 
which is the control force om m2. Select it and then click on “Enter Selects” to continue. 

 
The next menu selects the variables to be used in the performance optimization criterion. The design 
system has 4 outputs and we will include all 4. Select one at a time, or click on “Select All”, and then click 
on “Enter Selects” to continue. The next menu is for selecting outputs which are regulated by commands. 
Select the mass1 displacement (y1) and click on “Enter Selects”. 

 

 



The next menu is used for selecting the output measurements. Select the m1 position (y1), the pendulum 
angle θ, and the integral of m1 position since it is also measurable. Click on “Enter Selects” to continue. 

 

We are finished defining the input and output variables. We must now enter the gains that will be used to 
scale them. The trade-off between bandwidth and performance versus sensitivity and stability is adjusted 
in the optimization by those gains. Initially we don’t know what gains will produce the desired performance 
versus stability, so we begin to scale the disturbance inputs by setting their gains equal to the magnitudes 
of the maximum expected disturbances, and for the output performance criteria we set their gains equal to 
the maximum acceptable magnitude at each output. The control input is also included in the criteria 
outputs and it is scaled by the maximum control magnitude. The measurements noise is also included in 
the disturbances vector and we must set the scaling gains equal to the maximum noise magnitude at each 
measurement. In this example we have to estimate the state-vector and we must enter the expected noise 
at each measurement.  
 
In the dialog below enter the gain that will scale the disturbance force on m1. Double-click on the input or 
click on “Select Variable”, enter the scaling gain that defines the disturbance magnitude, and click on “Enter 
Scale” to accept it. Click “Okay” to go to the next dialog.  

 
 



In the next dialog below enter the largest magnitude of the expected input that commands the regulated 
output (y1). The biggest magnitude of y1_cmd, and click “Okay”. In the next dialog you must enter the noise 
magnitude at the 3 measurements. Select one at a time. Enter the noise magnitude and click on “Enter 
Scale”. The value appears in the display next to the variable label. When you finish click “Okay” to go to the 
next dialog. 

 
  



The fourth dialog is for defining the gains at the performance optimization criteria outputs. That is, the 
maximum acceptable magnitudes at the 4 performance outputs: (y1, θ, y1-dot, y1-integral). Reducing the 
gain value at a performance output produces better performance and smaller transient in the 
corresponding variable. Select one variable at a time, enter the gain and click on “Enter Scale”. When you 
finish click on “Okay” to go to the next dialog.  
 
The next dialog is for entering the gain that defines the max acceptable magnitude of the regulated output 
error (zre). That is the magnitude of the error: y1-output minus y1-command. 

 

The last dialog is for entering the maximum control magnitude because the control is also included in the 
optimization criteria. In this example we only have the control force Fc. Finally, enter a short label to 
appear at the end of the Synthesis Model title. 

 

 
  



We are back in the main menu and now ready to begin the control design. Select the 2nd option to view and 
check the SM. Select the SM from the systems file and click on “Select”. They are both identical because we 
just created the second one. Make sure the SM is controllable, disturbable from the disturbance inputs, 
observable from the measurements, and detectable from the performance criteria. 

 

The program confirms that the SM meets the expected requirements and displays the SM matrices 
graphically in system’s form in the next dialog. The 9 SM matrices are color coded and also the scaling gains 
are included that scale the disturbances and the criteria. The A-matrix has 5 states. There are 5 disturbance 
inputs which are: 1 external force Fd, the command for 1 regulated output, and 3 measurements noise 
inputs. There is one control input Fc. We also have 6 performance criteria which are: y1, θ, y1_dot, 
y1_integral, y1_error, and Fc. The 3 measurements from matrix C2 are: y1, θ, and y1_integral. 
 



 

Select the third option from the main menu to design the H-infinity controller, and click “Select”. The 
program confirms that the solution is Output Feedback Controller which includes an Estimator. 

  

  



Now we begin the iterative process of minimizing the upper bound γ of the infinity norm of the sensitivity 
transfer function between the disturbance inputs and the output criteria vectors. We begin with an 
arbitrarily small γ upper bound and try to find the smallest γ that will not violate the algorithm 
requirements. After a few iterations we find that γ=70 (dB) works and we click on “No” meaning that we do 
not want to try another value but to accept the current controller. 
 

 

 

 
 
Figure 1.6 shows the closed-loop poles of the system. Notice that there is a complex pair of poles which are 
near the pendulum mode and there are two more complex pairs. The control system is finally saved in the 
systems file under the title “H-Infin Control for Overhead Crane System”. 



 
Figure 1.6 Closed-Loop Poles 

 
  



2. State-Feedback H-Infinity Design with State Estimator 

This is also an H-infinity design that uses the crane design model including the y1-integral state. It is 
separated in two parts: (a) the state-feedback design, and (b) the estimator design. The control design 
model has two inputs: the control and disturbance forces (Fc, Fd) and it has 5 outputs, the entire state 
vector consisting of: bottom mass-1 position and velocity (y1, 𝑦𝑦1̇), top mass-2 position and velocity (y2, 𝑦𝑦2̇), 
and y1-integral. The control design model will be used to create the H-infinity Synthesis Model and design 
the state-feedback gain Kc. There is a second vehicle model in the systems file. It is called the analysis 
model, similar to the design model but it does not include the y1-integral and its outputs are only y1 and the 
pendulum angle θ. This model will be used to design the state estimator that will estimate the four states: 
(y1, y2, 𝑦𝑦1̇,𝑦𝑦2̇) from the two measurements (y1 and θ). The 5th state (y1-integral) is not included in the 
estimator because it is directly measurable. In addition to the plant model the Kalman-Filter estimator 
requires the (4x4) process noise matrix Qpn and the measurement noise matrix Rmn. They are covariance 
matrices that define the amount of noise corrupting the 4-states and the 2 measurements. 
 
2.1 The Flixan Files 

The files for the LQG design are in directory: “\Flixan\Control Analysis\Hinfinity\Examples\Crane Hinf\2-
State Fbk + Estimator”. The input file is “Crane Hinf2.Inp” and it contains the Flixan datasets that generate 
the plant models, the synthesis model, calculates the H-infinity controller, and the Kalman-Filter. It begins 
with a batch set that can be used to process the entire file. The batch preserves the two plant systems: 
“Overhead Crane Design Model” and the “Overhead Crane Analysis Model”. It also retains the KF covariance 
matrices Qpn4 and Rmn2 and the control Synthesis Model in the systems file “Crane Hinf2.Qdr”. The state-
feedback controller Kc and the Kalman-Filter matrix Kf are saved in the systems file, and also in Matlab 
format for further analysis. 

Input File 
 

 

  



The following interconnection dataset combines the 4-state design model with the y1-integrator to create 
the augmented 5-state design model that will be used to create the H-infinity Synthesis Model. 

 

  



The following dataset is used to create the SM from the 5-state “Crane Design Model with Y1 Integral”. It 
defines which inputs are controls and which disturbances. Also, which outputs are measurements and 
which are optimization criteria. It also includes the scaling gains. The SM title is “Crane Design Model with 
Y1 Integral/SM-3”. 

 

 
  



The H-infinity control design dataset “Overhead Crane H-Infinity Design” reads the 9-matrices SM “Crane 
Design Model with Y1 Integral/SM-3” and it creates the state-feedback matrix Kc. Its title is “Overhead 
Crane Hinf State-Feedback” and it is saved in the systems file. The upper value of gamma is set to γ=5 (dB). 
The Kalman-Filter estimator dataset calculates the Kalman-Filter gain Kf. It uses the 4-state plant model: 
“Overhead Crane Analysis Model” which does not include the y1-integral. It also reads the noise covariance 
matrices Qpn4 and Rmn2 which are located in the systems file “Crane Hinf2.Qdr”. Kf will be used in the 
observer simulation to estimate the 4 states from the outputs y1 and θ. The analysis and design plant 
models “Crane” and “Design” and the gain matrices Kc and Kf are exported into Matlab by the conversion 
datasets which are included at the bottom of the Flixan input file. They are converted to m-functions and 
“mat” matrices that can be loaded into Matlab by running the script file “init.m”.  
 
2.2 Systems File 
 

 



 



 

 
 
The above augmented system is very similar to the original design plant but it includes one additional state, 
the y1-integral. The system output is equal to the 5-state vector. This system will be used to create the SM 
and the state-feedback gain Kc. 



 
 
This is the Synthesis Model used by the H-infinity algorithm to create the control system or just state-
feedback gain in this case. It consists of 9 matrices plus the scaling gains. It is derived from the system 
“Crane Design Model with Y1 Integral” through an interactive process that will be described later. 



 

 
 
Notice, the measurement noise is set to zero in the Synthesis Model scaling gains. This is because in this 
case the output vector is equal to the state vector and we are solving the state-feedback H-infinity 
problem. This is how we tell the program that we are solving the state-feedback problem rather than the 
output feedback. If the measurement noise was not set to zero, the program would solve the output 
feedback problem and it would include a dynamic controller with an estimator. Even though all 5 states are 
measurable, the introduction of noise would require an estimator. 



 

 
 
2.3 Simulation Models 
 
We will use two simulation models, shown in Figure 2.1, to design and analyze the H-infinity control 
system. The first model “Crane_Sim_1.mdl” is used to test the state-feedback gain Kc, that is directly from 
the four states: x= [y1, y2, 𝑦𝑦1̇,𝑦𝑦2̇] which of course they are not measurable. It is intended to check out the 
control design and to adjust the weight matrices Qc2 and Rc as needed for good performance. It uses the 4-
state design model with the 4-state outputs. The y1-integrator is introduced to provide the 5th state-
feedback needed by the control gain Kc. 
 
The second simulation “Crane_Sim_2.mdl” uses the analysis model with the two outputs (y1 and θ). The 2 
outputs are inputs to the Kalman-Filter which estimates the 4-state vector. The estimated 4-state vector 
together with y1-integral become inputs to the 5-state control gain Kc which calculates the control force Fc 
and closes the control loop. The state estimator is shown in detail in Figure 2.2. In addition to the plant 
outputs the estimator requires knowledge of the two forces: control Fc and disturbance Fd. Control force is 
understandable and easily attainable but the disturbance force is not easy to measure. That’s why we use 
the integrator so that we don’t have to know the disturbance force. 
 
  



 

 
Figure 2.1 Closed-Loop Simulation Models “Crane_Sim_1” and “Crane_Sim_2”  



 
Figure 2.2 Kalman-Filter State Estimator 

 
2.4 Simulation Results 
 
Figure 2.3 shows the response of the second simulation model to a displacement command on m1 equal to 
y1comd = 1 unit. The m2 mass moves towards the right under positive force almost to the half way point 
causing the pendulum angle to swing positive. It slows down near the half-way point waiting for the 
pendulum angle to swing negative. Then it applies negative force to stop the oscillation when m1 is almost 
near the target position. The estimated and actual pendulum angles are identical. 

Figure 2.4 shows the response of the second model to a unit steady disturbance force Fd=1 on m1. It begins 
to move towards the right under the influence of the external force and the pendulum swings negative. The 
control system responds and applies a negative force on m2 which moves to the left and is pulling the rope 
to counteract the positive disturbance. The control force stabilizes at Fc=-Fd=-1 opposing the disturbance 
and the pendulum angle stabilizes at a negative value θ=-1 while pulling the rope steadily against the 
disturbance force. The m1 position eventually returns to its initial value y1cmd=0 under the influence of the 
integrator and the steady pulling. 

2.5 Frequency Response Analysis 

Two Simulink models, shown in Figure 2.5, are used for frequency response analysis and to determine the 
system stability. A simple state-feedback model “Open_Loop_1” and one that uses the estimator 
“Open_Loop_2”. They both have the loop opened at the control force input. Figure 2.6 shows the Bode and 
Nichols plots and the phase and gain margins. Notice that the system has big resonance at 1.41 (rad/sec) 
which is at the pendulum frequency. The control system is designed around the plant model and 
counteracts the natural pendulum mode by introducing an anti-resonance.  



 
Figure 2.3 System’s Response to y1-command 



 
Figure 2.4 System’s Response to Disturbance Force on m1 

  



 

Figure 2.5 Stability Analysis Models “Open_Loop_1” and “Open_Loop_2” 

The following Matlab script “frequ.m” calculates the frequency response from the Simulink model 
“Open_Loop_2” and creates the Bode and Nichols plots. 

  



 

Figure 2.6 Open-Loop Bode and Nichols Plots for Analyzing Stability Using Model “Open_Loop_2” 



2.6 Running the H-Infinity Program Interactively 

The input and systems files in this example are already prepared to be processed in batch mode but in this 
section, we will run the H-infinity program interactively. We will first create the 9-matrix Synthesis Model 
from the design system “Crane Design Model with Y1 Integral” which is already saved in the systems file 
“Crane Hinf2.Qdr”. The SM defines which inputs are controls and disturbances and which outputs are 
measurements and optimization criteria. It also includes the scaling gains. This time the measurements 
vector is equal to the 5 SM states which are the augmented design system states, and the measurement 
noise is zero. The controller derived from this SM will be a state-feedback gain Kc that will be saved in the 
systems file. We begin by running the H-infinity design program and from the main menu selecting the first 
option, as shown. Use the following menu to select the systems filename. 

  

Select also the design system “Crane Design Model with Y1 Integral” that will used to create the SM by 
selecting some inputs and outputs using menus and placing them into groups. The first dialog is for 
selecting parameter variation pairs that connect with uncertainties. In this case we don’t have any, so click 
on “No Uncertainties”. 
  



 

The next menu is for defining external disturbance inputs. The system has two inputs. Select the second 
input which is the disturbance force on m1, and click on “Enter Selects” to continue. 

 

  



The next menu is for selecting the control inputs uc. There is only one control input in the design system 
which is the control force om m2. Select it and then click on “Enter Selects” to continue. 

 
The next menu selects the variables to be used in the performance optimization criterion. The design 
system has 5 outputs which are also states. We will select 3: y1 position, y1-dot, and y1-integral. Select one 
at a time, and then click on “Enter Selects” to continue. The next menu is for selecting outputs which are 
regulated by commands. Select the mass1 displacement (y1) and click on “Enter Selects”. 

 



The next menu is used for selecting the output measurements. Click on “Select All” to select all the outputs 
which is also the state-vector, and then click on “Enter Selects” to continue. 

 

We finished defining the input and output variables. We must now enter the gains that will be used to scale 
them. The gains are used to adjust the trade-off between bandwidth and performance versus sensitivity 
and stability in the optimization. We begin to scale the disturbance inputs by setting their gains equal to the 
magnitudes of the maximum expected disturbances, and for the output performance criteria we set their 
gains equal to the maximum acceptable magnitude at each output. The control input is also included in the 
criteria outputs and it is scaled by the magnitude of maximum control force. The gains for the 
measurements noise are set to zero in this case because it’s a state-feedback. We will design the estimator 
later. In the dialog below enter the gain that will scale the disturbance force on m1. Double-click on the 
input or click on “Select Variable”, enter the scaling gain that defines the disturbance magnitude, and click 
on “Enter Scale” to accept it. Click “Okay” to go to the next dialog.  

 
 
In the next dialog below enter the largest expected magnitude at the input that commands the output (y1). 
That is, the biggest magnitude of y1_cmd, and click “Okay”.   



 
 
In the next dialog you must enter the noise magnitude at the 5 measurements. Select one at a time and 
enter a very small number in all of them and then click on “Enter Scale”. When you finish click “Okay” to go 
to the next dialog. 

 
  



The next dialog is for defining the gains at the performance optimization criteria outputs. That is, the 
maximum acceptable magnitudes at the 3 performance outputs: (y1, y1-dot, and y1-integral). Reducing the 
gain value at a performance output produces better performance and smaller transient in the 
corresponding variable. Select one variable at a time, enter the gain and click on “Enter Scale”. When you 
finish click on “Okay” to go to the next dialog.  
 
The next dialog is for entering the gain that defines the max acceptable magnitude of the regulated output 
error (zre). That is the magnitude of the error: y1-output minus y1-command. 

 

The last dialog is for entering the maximum control magnitude because the control is also included in the 
optimization criteria. In this example we only have the control force Fc. Finally, enter a short label to 
appear at the end of the Synthesis Model title. 

 

 
  



We now return to the main menu and begin the control design. Select the 2nd option to check the SM. 
Select the only one SM from the systems file and click on “Select”. Make sure the SM is controllable, 
disturbable from the disturbance inputs, observable from the measurements, and detectable from the 
performance criteria. 

 

The program confirms that the SM meets the expected requirements and it presents the SM matrices 
graphically in system’s form, shown in the next dialog. The 9 SM matrices are color coded and also the 
scaling gains are included that scale the disturbances and the criteria. The A-matrix has 5 states. There are 7 
disturbance inputs which are: 1 external force Fd, the y1_command for 1 regulated output y1_error, and 5 
measurements noise inputs that have zero (black) gains. There is one control input Fc. We also have 5 
performance criteria which are: y1, y1_dot, y1_integral, y1_error, and Fc. The 5 measurements from matrix 
C2 are equal to the states: (y1, y2, 𝑦𝑦1̇,𝑦𝑦2̇  and y1_integral). 
 



 

Select the third option from the main menu to design the H-infinity controller, and click “Select”. The 
program confirms that the solution is State-Feedback Controller and click “OK”. 

  

  



Now we begin the iterative process of minimizing the upper bound γ of the infinity norm of the sensitivity 
transfer function between the disturbance inputs and the output criteria vectors. We begin with an 
arbitrary γ upper bound and try to find the smallest γ that will not violate the algorithm requirements. After 
a few iterations we end up with γ=5 (dB) and click on “No” meaning that we do not want to try another 
value but to accept the current controller. 

 



 

Figure 2.7 Closed-Loop System Poles 

Figure 2.7 shows the closed-loop poles of the system. Notice that there is a complex pair of poles which are 
near the pendulum mode frequency. We return to the main menu and save the state-feedback gain Kc 
under the title “Overhead Crane Hinf State-Feedback”. 

 
  



2.7 Kalman-Filter 
  
The second step in the design is to create the Kalman-Filter gain interactively. The KF dataset is already in 
the systems file but we will recreate it from scratch using the LQR program. Start the LQR program, select 
the project files, and from the main menu select “Steady-State Kalman-Filter Estimator”. The next menu 
shows that there is already a KF dataset in file. If you run it, it will reprocess the dataset that’s already in 
file. Select “Make New Set Interactively” to create a new KF dataset instead. 

 

 
 
From the menu below select the system from which the KF gain will be designed. Select the original 
Overhead Crane Design Model, not the one with the y1-integral, and enter a title for the new KF dataset 
that will contain instructions for batch processing and will be saved in the input file. 



 

We must now select the process noise intensity matrix G. The matrix through which noise enters the 
system. You can either choose the identity matrix to affect each of the 4 states directly, or the input matrix 
B, or enter a new noise matrix G. In this case we choose the identity matrix. Great, the system is 
disturbable from G, as it should be. We must also choose the (4x4) process noise covariance matrix that 
defines how much noise corrupts each state, and the (2x2) measurement noise covariance matrix that 
defines the noise at the 2 measurements. 
 

 

  



 

We must finally enter a title for the Kalman-Filter gain. The title of the KF gain will be saved in the systems 
file together with the Kf matrix. 
 

 
 
 



3. LQG Design 
 
The LQG design consists of the 4-state plant model augmented with a 5th state, the y1-integral, to improve 
tracking in the presence of disturbance forces. The LQG is a two-step design. We will first design an LQR 
state-feedback control gain that calculates the control force from a linear combination of the 5 states, 
assuming they are all measurable. We will test the controller performance using a simple state-feedback 
simulation model and adjust the Qc and Rc penalty matrices as needed for good performance. Then we will 
design the Kalman-Filter observer using the original 4-states plant. The Kalman-Filter estimates the four-
state vector: x= [y1, y2, 𝑦𝑦1̇,𝑦𝑦2̇] from the two measurements (y1, θ). We will use a second simulation to 
analyze the estimator design where the KF estimated 4 states plus y1-integral replace the state feedback. 
The process noise Qpn and the measurement noise Rmn covariance matrices will be adjusted as needed for 
good performance and stability margins. 

3.1 Flixan Files 

The files for the LQG design are in directory: “\Flixan\Control Analysis\Hinfinity\Examples\Crane Hinf\3-LQG 
Design”. The input file is “Crane_LQG.Inp” and it contains the Flixan datasets that generate the plant 
models, calculate the LQR controller, and the Kalman-Filter gains. It begins with a batch set that can be 
used to process the entire file. The batch preserves the systems and LQG weight matrices used in the 
design. There are two plant models in the systems file which are similar, the “Overhead Crane Design 
Model” and the “Overhead Crane Analysis Model”. 

 

The design system is augmented by including the y1-integral state. The following dataset creates the 
augmented 5-state design model “Crane Design Model with Y1 Integral” that is used to design the state-
feedback controller gain. 



 

 

The LQR Control Design dataset is using the system “Crane Design Model with Y1 Integral” to design the 5-
state feedback gain Kc1. The output matrix C defines the 3 output variables (y1-integral, y1, and θ) to be 
optimized by LQR via the weight matrix Qc2 which penalizes the 3 variables. The control force is penalized 
via the scalar Rc. A satisfactory trade-off between speed of convergence and control force usage is 
achieved by adjusting the two matrices. The state-feedback controller gain Kc1 is saved in the systems file 
“Crane_LQG.Qdr” and its title is “LQR State-Feedback Control for Crane Design Model with Y1 Integral”. 

Similarly, the Kalman-Filter estimator dataset below calculates the Kalman-Filter gain Kf1. It uses the 
original 4-state plant model: “Overhead Crane Design Model” which does not include the y1-integral. It also 
reads the noise covariance matrices Qpn4 and Rmn2 which are located in the systems file “Crane-
LQG.Qdr”. Kf1 is used in the observer simulation to estimate the 4 states from the outputs y1 and θ. The 
two plant models and the gain matrices Kc1 and Kf1 are exported into Matlab by the conversion datasets 
which are included at the bottom of the Flixan input file. They are converted to m-functions and “mat” 
matrices that can be loaded into Matlab by running the script file “init.m”.  
  
  



 

3.2 Simulation Models 
 
Figure 3.2 shows a simulation model “Crane_Sim-1.mdl” that is used to test the state-feedback gain Kc1 
directly from the four states: x= [y1, y2, 𝑦𝑦1̇,𝑦𝑦2̇] which of course they are not measurable. It is intended to 
check the control design and to adjust the weight matrices Qc2 and Rc as needed for good performance. 
Figure 3.1 shows the system’s response to y1 displacement command. It is logically what a person would do 
naturally using common sense. First, move the top mass as fast as possible half way towards the intended 
position and then pause for a short period while waiting for the bottom mass to swing over towards the 
target. The motion of the bottom mass-1 is somewhat delayed until the pendulum angle θ is sufficiently big 
to exert a side force. When the bottom mass swings over to the extreme opposite side of the pendulum 
angle at -θ, which is close to the intended position, the top mass-2 is moved as fast as possible above the 
target position to prevent it from oscillating further. This is essentially what the LQR control system does in 
Figure 3.1 but it also takes into consideration the limited bandwidth of the control system. This action 
requires knowledge of the pendulum frequency which is captured in the design plant and subsequently in 
the control design in order to actively dampen the pendulum oscillations. Notice the “hick-up” in the y2 
response as it waits for the bottom mass-1 to swing over on the opposite side of the pendulum.  
 
 



 
Figure 3.1 System’s Response to a Displacement Command y1-command 



 
Figure 3.2 State-Feedback Simulation model “Crane_Sim-1.mdl” 

 

Figure 3.3 Closed-Loop Simulation Model “Crane_Sim-2.mdl” with State-Estimator 



 

Figure 3.4 Kalman-Filter State Estimator 

 

Figure 3.5a Position Response of Simulation Model “Crane_Sim-2” to y1 Displacement Command 

  



 
Figure 3.5b Theta and Control Force Response of “Crane_Sim-2l” Model to y1 Command 
 

The simulation model “Crane_Sim-2.mdl” in Figure 3.3 shows the control system including the KF estimator 
which estimates the 4 states required for feedback via the control gain Kc1. The inputs to the estimator are 
the two measurements: y1, and θ, and also the control force. The y1-itegral is not included in the KF 
because it is directly measured. Figure 3.5 shows the response of the output-feedback system which is 
similar to the state-feedback. The hick-up on the y2 displacement at the half-way point is not as intense and 
the oscillation is damping faster.   



3.3 Frequency Response Analysis 

Frequency response analysis is used to analyze the control system’s stability by measuring the gain and 
phase margins. The Simulink model “Open_Loop.Mdl” in Figure 3.6, has the loop opened at the control 
force input and it is used to calculate the frequency response. Figure 3.7 shows the Bode and Nichols plots 
and the stability margins. Notice that the system has big resonance at 1.42 (rad/sec) which is at the 
pendulum frequency.  

The control system counteracts the natural pendulum frequency by introducing an anti-resonance because 
it is designed using the plant model. Figure 3.7 shows the phase and gain margins before and after the 
resonance and they have acceptable stability. 

 

 

Figure 3.6 Stability Analysis Model “Open_Loop” 

  



 

Figure 3.7 Open-Loop Frequency Response Analysis, Bode and Nichols Plots 

  



3.4 Systems File “Crane_LQG.Qdr” 

 



 

  



 



 

3.5 Running the LQR Program Interactively 

The input and systems files in this example are already prepared and they can be processed in batch mode 
but in this section, we will run the LQG process interactively. The program will read the augmented 5-states 
plant model G(s), the output weighting matrix Qc that penalizes the 3 criteria variables which are defined by 
the output matric C, and the control weighting matrix Rc that penalizes the control force. We will solve the 
LQR problem interactively, calculate the 5-state feedback gain matrix Kc1, and save it in the systems file. 
We will also calculate the KF estimator that will estimate the 4 states from the two measurements using 
the original 4-state plant and not the augmented 5-states plant. We will use the process noise intensity 
matrix Qpn, and the measurement noise covariance matrix Rmn, solve the KF observer problem, calculate the 
Kalman-Filter gain matric Kf1 and save it in the same systems file. 



The Linear Quadratic Control design program is selected from the Flixan main menu by going to “Program 
Functions”, “Robust Control Synthesis Tools”, and then “Linear Quadratic Control Design”, as shown below. 
Select the input and the systems filenames, and click on “Process Files”. Select the first option from the LQR 
menu to check the system’s Observability and Controllability and make sure that it can be used. 
 

 

 
 
Then chose the second option from the LQR menu “Steady-State LQR State-Feedback Design” and click on 
“Select”.  
  



The next menu lists the titles of LQR datasets that already exist in the input file. They contain LQR 
instructions for batch processing. There is 1 LQR dataset but we won’t use it this time because we will 
create a new one interactively. So, click on “Make a New Set Interactively”. The program now wants to read 
the plant model G(s). Select the 5-state system that includes the y1-integrator and click “Select”. 

 
The new LQR design dataset, like all datasets, requires a title. Enter the new LQR title in the following dialog 
and click “OK”. It can be used to reprocess this operation in the future when you run the program in batch 
mode. The next step is to define the output criteria to be optimized. They are defined by the output matrix. 
You can either use the existing output matrix C, or the identity matrix, or to define a new set of output 
criteria by picking a different matrix C1. In this case we will chose the C matrix which outputs: (y1, y1-integr, 
and θ) and the program checks the observability okay from C. 

  

  



We must now select the two weight matrices Qc and Rc which are already saved in the systems file. The 
(3x3) matrix Qc that penalizes the 3 criteria outputs which are defined by the output matrix C, and the 
scalar Rc that penalizes the control input force on m2. 

 

We must finally select the algorithm that will be used to solve the asymptotic Riccati equation. The 
program has 2 options. Laub’s algorithm is chosen in this case. We must also define a title for the state-
feedback gain Kc1 that will be saved in the systems file. The new LQR dataset will also be saved in the input 
file and it is identical to the old one. Click “OK” to return to the main LQR menu. 

 

 



We will now solve the Kalman-Filter design interactively. The KF dataset is already in the systems file and 
ready to be processed but we will recreate it from scratch. From the LQR main menu select “Steady-State 
Kalman-Filter Estimator”. The next menu shows that there is already a KF dataset in file. If you run it, it will 
just reprocess the one that’s already there. Select “Make New Set Interactively” to create a new set instead. 

 
 
From the menu below select the system from which the KF gain will be designed. Pick the original 
“Overhead Crane Design Model”, not the one with the y1-integral, and enter a title for the new KF dataset 
that will include instructions for batch re-processing and it will be saved in the input file. 

 



We must now select the process noise intensity matrix G. That’s the matrix through which noise enters the 
system. You can either choose the identity matrix to affect each of the 4 states directly, or the input matrix 
B, or enter a new noise matrix G. In this case we choose the identity matrix, and the system is disturbable 
through G. We must also choose the (4x4) process noise covariance matrix that defines how much noise 
corrupts each state individually, and the (2x2) measurement noise covariance matrix that defines the noise 
at the 2 measurements. 

 

We must finally enter a title for the Kalman-Filter gain. The title of the KF gain will appear in the systems file 
together with the Kf1 matrix. 

 



 

 

Figure 1 Inverted Pendulum System 

The system in this control design example is an inverted pendulum rod of mass m2 which is supported by a 
cart of mass m1 and the cart can move in the x-direction, as shown in Figure-1. The length of the rod is 2L 
and it has a moment of inertia I2 about its center of mass. The position of the cart x1 can be moved by a 
control force Fc which is applied in the x direction. The vertical bar is attached to the cart via a hinge and it 
can rotate relative to local vertical at an angle θ. There is also a servo-motor that can apply a torque Tc at 
the hinge. To make the problem a little more interesting, there is also a compound pendulum bar of mass 
mp and inertia Ip that is suspended from the top of the rod x3 and it can oscillate freely at an angle α 
relative to vertical. The problem is to design a multivariable control system that will balance the inverted 
rod vertically and also control the top bar position point x3 by commanding its x-position. In addition, the 
control system should be able to dampen the oscillations of the pendulum mass mp and should maintain 
the top bar x3 position in the presence of a steadily applied external force Fext which is applied at x3 along x. 
This system is obviously open-loop unstable and we will use the H-infinity method to stabilize it. This 
problem is similar to controlling a launch vehicle with a sloshing propellant tank.  



1. Non-Linear Equations of Motion 

The x and y position and velocity at the center of the bar x2 are: 

𝑥𝑥2 = 𝑥𝑥1 − 𝐿𝐿 sin 𝜃𝜃   𝑦𝑦2 = 𝐿𝐿 cos𝜃𝜃 
�̇�𝑥2 = �̇�𝑥1 − 𝐿𝐿 �̇�𝜃cos𝜃𝜃  �̇�𝑦2 = −𝐿𝐿 �̇�𝜃sin𝜃𝜃 
 
The x and y position and velocity at the top of the rod point x3 are: 

𝑥𝑥3 = 𝑥𝑥1 − 2𝐿𝐿 sin𝜃𝜃  𝑦𝑦3 = 2𝐿𝐿 cos𝜃𝜃 
�̇�𝑥3 = �̇�𝑥1 − 2𝐿𝐿 �̇�𝜃cos𝜃𝜃  �̇�𝑦3 = −2𝐿𝐿 �̇�𝜃sin𝜃𝜃 
 
The x and y position and velocity at the pendulum mass xp are: 

𝑥𝑥p = 𝑥𝑥3 + 𝑙𝑙𝑝𝑝 sin𝛼𝛼 =  𝑥𝑥1 − 2𝐿𝐿 sin 𝜃𝜃 + 𝑙𝑙𝑝𝑝 sin𝛼𝛼  
𝑦𝑦p = 𝑦𝑦3 − 𝑙𝑙𝑝𝑝 cos𝛼𝛼 =  2𝐿𝐿 cos𝜃𝜃 − 𝑙𝑙𝑝𝑝 cos𝛼𝛼 
�̇�𝑥p = �̇�𝑥3 + 𝑙𝑙𝑝𝑝 �̇�𝑎 cos𝛼𝛼 = �̇�𝑥1 − 2𝐿𝐿 �̇�𝜃cos𝜃𝜃 + 𝑙𝑙𝑝𝑝 �̇�𝑎 cos𝛼𝛼  
�̇�𝑦p = ẏ3 + 𝑙𝑙𝑝𝑝 �̇�𝛼 sin𝛼𝛼 = 𝑙𝑙𝑝𝑝 �̇�𝛼 sin𝛼𝛼 − 2𝐿𝐿 �̇�𝜃 sin𝜃𝜃 
 
The combined potential energy of masses m2 and mp relative to m1 is: 

𝑉𝑉 = �𝑚𝑚2 + 2𝑚𝑚𝑝𝑝�𝑔𝑔𝐿𝐿 cos𝜃𝜃−𝑚𝑚𝑝𝑝𝑔𝑔𝑙𝑙𝑝𝑝 cos𝛼𝛼 

The combined kinetic energy of the system is: 
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The following is the Euler Lagrange equation where qj are the Generalized Coordinates, and Qj are 
the Generalized Force components in the qj directions 
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X1 Equation 

𝑑𝑑
𝑑𝑑𝑑𝑑
�
𝛿𝛿𝑇𝑇
𝛿𝛿�̇�𝑥1

� = 𝑀𝑀𝑜𝑜�̈�𝑥1 − 𝑚𝑚3𝐿𝐿�̈�𝜃 cos𝜃𝜃 + 𝑚𝑚3𝐿𝐿�̇�𝜃2 sin𝜃𝜃 

�
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𝛿𝛿𝑥𝑥1
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𝑀𝑀𝑜𝑜�̈�𝑥1 = 𝑚𝑚3𝐿𝐿�̈�𝜃 cos𝜃𝜃 − 𝑚𝑚3𝐿𝐿�̇�𝜃2 sin𝜃𝜃 + 𝐹𝐹𝐶𝐶 + 𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒 

θ Equation 
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� = 𝐼𝐼𝑜𝑜θ̈ − 𝑚𝑚3�̈�𝑥1𝐿𝐿 cos𝜃𝜃 + 𝑚𝑚3𝐿𝐿�̇�𝑥1�̇�𝜃 sin 𝜃𝜃 − 𝐼𝐼𝑥𝑥�̈�𝛼 cos(𝜃𝜃 − 𝛼𝛼) + 𝐼𝐼𝑥𝑥�̇�𝛼��̇�𝜃 − �̇�𝛼� sin(𝜃𝜃 − 𝛼𝛼) 

�
𝛿𝛿𝑇𝑇
𝛿𝛿𝜃𝜃
� = 𝑚𝑚3𝐿𝐿�̇�𝑥1�̇�𝜃 sin 𝜃𝜃 + 𝐼𝐼𝑥𝑥�̇�𝛼�̇�𝜃 sin(𝜃𝜃 − 𝛼𝛼) 
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𝛿𝛿𝜃𝜃
� = −�𝑚𝑚2 + 2𝑚𝑚𝑝𝑝�𝑔𝑔L sin 𝜃𝜃 

𝐼𝐼𝑜𝑜θ̈ = 𝑚𝑚3�̈�𝑥1𝐿𝐿 cos𝜃𝜃 + 𝐼𝐼𝑥𝑥�̈�𝛼 cos(𝜃𝜃 − 𝛼𝛼) + 𝐼𝐼𝑥𝑥�̇�𝛼2 sin(𝜃𝜃 − 𝛼𝛼) + �𝑚𝑚2 + 2𝑚𝑚𝑝𝑝�𝑔𝑔𝐿𝐿 sin𝜃𝜃 +  𝑇𝑇𝐶𝐶
− 2𝐿𝐿𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒 cos𝜃𝜃 

 
α Equation 
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Figure 2 Initialization Script and Open-Loop System Eigenvalues 
Dynamic Modeling  

The non-linear equations are implemented in a Simulink model “Inverted Pendulum” which is shown in 
Figures (3 &4) and it is located in this folder “Flixan\Control Analysis\Hinfinity\Examples\Inverted 
Pendulum\1-Inverted Pend Model”. The model parameters are initialized by running the script “init.m”, in 
Fig.2. It is initialized at an angle θ0=0, linearized, and the eigenvalues have an unstable pole because of the 
up-side-down rod position. It also has a low-damped oscillatory complex pair at 6 (rad/sec) which is the 
pendulum mode. The cart modes are at zero in this initial state. 

 
Figure 3 Simulink Model “Inverted_Pendulum” which Includes the Non-Linear Equations and Consists of 3 Subsystems 



 
Figure 4 The Three 2nd Order Subsystems of the Inverted Pendulum Model: Cart, Inverted Bar, and Pendulum 



The Matlab generated linearized state-space system (A0, B0, C0, D0] is saved in file “system.mat” in order to 
be imported into the Flixan files. The script “ToFlixan.m” saves the system dimensions and the four 
matrices in file “system.mat”. This file will be moved into the analysis folder and read by Flixan program. 
 

  
2. Creating the Synthesis Model for H-Infinity Design 
 
The linear design and analysis, is performed in folder “Flixan\Control Analysis\ Hinfinity\ Examples\ Inverted 
Pendulum\2-Control Design & Analysis”. This folder has two input files. The first one “Create-CSM.Inp” is 
used to create the SM. It reads the linear system from file “system.mat” and creates the design model 
“Pendulum Design Model with X3 Integral” by adding one more state, x3-integral and also defines the input 
output variables. The design or plant model is used to create the synthesis model which is needed for the 
H-infinity control design which is the next step. 

File: Create_CSM.Inp 

 



 
This input file can be processed by running the batch set which reads the linearized system’s (A,B,C,D) 
matrices from the Matlab file “system.mat” and saves it in file “Create_CSM.Qdr” under the title “Inverted 
Pendulum Model”. From this system it creates an augmented system “Pendulum Design Model with X3 
Integral” by adding the x3-integral in the states and in the outputs. The x3-integral variable is used to 
provide better x3 position control under the influence of a steady disturbance force Fext. Then it creates 
the Synthesis Model “Pendulum Design Model with X3 Integral/SM-2” by processing the already prepared 
SM creation dataset which defines the inputs, outputs and the scaling gains. 

 



 File: Create_CSM.Qdr 

The following is the systems file “Create_CSM.Qdr” that includes the linearized system, the augmented 
design system that includes the x3 integral, and the Synthesis Model. 

 



The following is the design model “Pendulum Design Model with X3 Integral” which includes x3-integral in the 
states and output vectors. The state variables are defined below. 

 
The Synthesis Model is shown below and consists of 9 matrices. It also includes the definitions of variables 
at the bottom with the performance parameter scaling gains. The SM is copied in a separate systems file 
“IP_Design.Qdr” where together with its pair “IP_Design.Inp” we will perform the H-infinity control design 
in separate files to avoid data mixup. 



 



 

3. Control Design Using File: IP_Design.Inp 

The SM is shown graphically in Figure 5. It consists of 2 controls and 4 measurements and it is set up to 
synthesize an output feedback dynamic controller. It includes an external force Fext which is applied at the 
top of the bar and the system must be able to counteract that disturbance while balancing the rod and 
maintaining the x3 position. It also includes disturbances at the two controls and noise at the 4 
measurements. The performance criteria consist of: the top bar position error x3-err and its integral, the m1 
position x1-err because we want to prevent it from drifting, the vertical bar angle θ because we want to 
keep it vertical, and the pendulum swing angle α because we want to use the controls to dampen the α-
oscillations. The two controls are also included in the performance criteria. The H-infinity program will 
process the SM and create the control system. Figure 5 also shows the closed-loop system eigenvalues 
which are all stable. 



 

Figure 5 Synthesis Model and the Closed-Loop System Eigenvalues 



The H-infinity control design is implemented in files “IP_Design.Inp” and “IP_Design.Qdr” located in folder 
“Flixan\Control Analysis\Hinfinity\Examples\Inverted Pendulum\2-Control Design & Analysis”, and it can be 
processed by running the batch set. The program preserves the original inverted pendulum system and the 
SM which are already in the systems file and it processes the H-infinity design dataset “Pendulum H-Infinity 
Design” which is set up to create an output feedback dynamic controller with the peak sensitivity gamma 
adjusted to γ=36 (dB). The control system is saved in the systems file under the title “H-Infinity Control for 
Inverted Pendulum System”. The plant and controller systems are also converted to Matlab functions 
“pendulum.m” and “control.m” that can be loaded into Matlab for the control analysis. 

 



 
  



4. Control Analysis 

The initialization file “init2.m” loads the linearized plant model and the control system into Matlab for 
control analysis and simulation. The file “frequ.m” is used to calculate the Bode and Nichols plots. 

 

 

Figure 6 Stability Analysis Model “Open_Loop.slx” Shown with the Cart Force Loop Opened and the Hinge 
Torque Loop Closed. 

The Simulink model “Open_Loop.slx” in Figure-6 is used to analyze the control system stability by creating 
Bode and Nichols plots for the two control loops. One loop is opened at a time with the other loop closed. 
The inputs to the control system are the four measurements that were defined in the SM. That is, the cart 
position x1, the angle θ of the bar from vertical, the horizontal location at the top of the bar x3, and the 
integral of x3. The control system outputs are the control force Fc on m1 and the control torque Tc at the 
hinge between the bar and m1. The phase and gain margins of the two loops are shown in the two Nichols 
plots in Figure 7. They were created separately from the Open-Loop model in Figure 6 by opening one loop 
at a time. The pendulum mode at 6 (rad/s) is phase-stabilized. High gain at the pendulum resonance 
provide active attenuation for that mode. 



 

Figure 7 Nichols Plots Showing Stability Margins in the Two Control Loops 
  



5. Simulation 

The simulation model “Linear_Sim.slx” in Figure 8, includes the same linear model and controller as Figure 
6 and it is used to analyze the linear system response to position commands and disturbances. We will not 
show the results here because they are similar to the non-linear model and we would rather move to the 
non-linear analysis folder “…\Examples\Inverted Pendulum\3-Non-Linear Closed-Loop Sim” and run the 
Simulink model “Closed_Loop_Sim.slx” which is shown in Figure-9 and includes the non-linear equations 
that were implemented in “Inverted_Pendulum.slx” in Figure-3. It is initialized by the script “init3.m”. 

 

Figure 8 Linear Simulation Model “Linear_Sim.slx” 

 

Figure 9 Non-Linear Simulation Model “Closed_Loop_Sim.slx” 



 

Response to Position Command: The non-linear simulation model “Closed_Loop_Sim” is initialized from file 
“init3.m” which loads the control system from the previous step. We will first examine the closed-loop 
system’s response to a step command in the x3 position. That is, command the position at the top of the 
bar which also includes the x3-integral trim function. In Figure-9 we are commanding both x3 and x1 with 
the same displacement input because we want to keep the bar vertical. Notice that the bar angle θ 
stabilizes vertical at zero and the pendulum angle α dampens much faster than its original low ζ. Both 
controls converge at zero because the bar stabilizes vertical. You can also see how the control force and 
torque are actively counteracting the pendulum oscillations. 

 



 

Figure 10 System Response to a Position Change Unit Step-Command in x3  



Response to Disturbance Force: It is also interesting to analyze the system’s response to an external 
disturbance force of 10 (lbf) which is applied at the top of the bar, which is x3 the pendulum attach point. 
The position initially succumbs to the force and moves towards the force direction but eventually the x3-
integrator kicks-in and brings it back towards its initial position. The cart x1 initially follows the motion at 
the top in order to balance the rod but eventually it moves left towards negative values and the rod angle 
stabilizes at θ= -3.8° against the external force Fext and it applies a positive torque. It is interesting that the 
control force settles at 10 (lbf) which is exactly opposite to the disturbance force. The negative steady-state 
moments due to disturbance Fext plus the moments due to pendulum weights are also equal and opposite 
to the 57 (ft-lb) positive control torque reacting against the disturbance. 

To summarize, the control system is able to: (a) to balance the inverted pendulum rod which has the 
second pendulum attached to it, (b) to command the top position x3 and to maintain its position under 
the influence of an external force Fext applied at the top of the bar, and (c) to actively dampen the lightly 
damped oscillations of the attached pendulum. 

 

Figure 11 System Response to 10 (lbf) External Disturbance Step Applied at the Top of the Rod 



 



 

 
 
This is an H-infinity design demo and we will use the Space Shuttle vehicle during first stage at maximum 
dynamic pressure to design the flight control system (FCS) at a fixed Max-Q flight condition. Separate pitch 
and lateral rigid-body models will be used to derive the control gains for the pitch and lateral FCS. The 
control system gains will be analyzed further using more detailed vehicle models that include slosh and 
flexibility. Some of the flex modes are unstable and bending filters are included in order to stabilize them. 
The design and analysis will be separated in sections, beginning with rigid-body pitch and lateral axes, 
adding slosh, then flexibility, and finally analyzing the coupled pitch and lateral system in the z-domain. The 
analysis includes stability margins, sensitivity to gusts, and time-slice simulations that show the control 
system’s response to gusts and to attitude commands. Note that, at High-Q the FCS does not receive any 
significant attitude commands from guidance because the emphasis in this time period of 15-20 sec is to 
reduce the normal and lateral aerodynamic loads against the structure. This is done by the load-relief 
system which decreases the loads by applying feedback from the NY and NZ accelerometers. This action, 
however, degrades the capability of the FCS to efficiently track commands from guidance and its response 
to attitude commands is slower than at lower Q-pressure. The roll and yaw axes are strongly coupled in this 
vehicle mainly due to the cross-product of inertia Ixz and the huge vertical stabilizer in the back of the 
Shuttle that couples the roll and yaw axes aerodynamically (Clβ). Roll and yaw dynamics must, therefore, 
be analyzed together and cross-coupling gains are derived to compensate for this coupling. 
 
 



In Section-1 we will design a simple lateral FCS using feedback from the roll and yaw attitudes, (p & r) rates, 
angle of sideslip beta, and β-integral. In Section-2 we will modify the lateral control system to include a 
disturbance filter instead of β-integral. The purpose of the disturbance filter is to actively attenuate aero-
loading due to gust disturbances coming at a fixed frequency of 1 (rad/sec), rather than at steady-state. 
Typical aerodynamic disturbances are random, cyclic and their average frequency occurs at around 1 
(rad/sec). We, therefore, like to have a dip in the sensitivity transfer-function at that frequency, and this is 
achieved by including a β-filter in the design process. In section-3 we repeat the H-infinity design in the 
pitch axis. An α-filter is introduced in the synthesis model that will reduce vehicle sensitivity to aero-loading 
at 1 (rad/sec). The angles of attack and sideslip, however, are not directly measurable and we must design 
(α & β) estimators using the accelerometer signals. In Section-4 we solve the lateral problem by designing a 
different type of β-estimator from the lateral measurements using an H-infinity output-feedback dynamic 
controller. In Section-5 we use the pitch and lateral state-feedback control gains derived from previous 
sections to analyze stability of the coupled vehicle system including propellant sloshing and structural 
flexibility. Two slosh modes and 25 flex modes are included in the vehicle model. Some of the modes are 
unstable and low-pass and notch filters are included to stabilize them. The filters degrade the original rigid-
body margins and some of the gains also needed slight adjustment in order to restore the stability margins 
without affecting much of the performance. Finally, the vehicle model and the FCS are discretized and the 
control system is analyzed in the z-domain. 
 
1. Preliminary Lateral H-Infinity Design 
 
In this section we will design a simple state-feedback control law for the roll and yaw axes of the Space 
Shuttle vehicle. We will create a lateral rigid vehicle design model consisting of states: roll and yaw 
attitudes (φ, ψ), the body rates (p, r) and angle of sideslip (β). We will augment the design model by adding 
one more state: (β-integral) and will design a (2x6) H-Infinity state-feedback control law. The TVC matrix is 
combined with the vehicle model and the design plant has two control inputs: roll and yaw controls (DP & 
DR). We will then use the augmented vehicle model to create interactively using Flixan the synthesis model 
(SM) which consists of 9 matrices and some adjustable gains. The gains are experimentally adjusted to 
trade-off control system bandwidth versus stability and sensitivity to disturbances. A typical SM is shown in 
Figure-1 and it has 3 sets of inputs and outputs.  

 
The first set (wp and zp) define the fictitious inputs and 
outputs that connect to plant uncertainties which are 
extracted to a block ∆. In this example we don’t have 
them because we did not include any parameter 
uncertainties in the vehicle model. The second input/ 
output set (w and z) are the external disturbances and 
performance criteria outputs. In this case the disturbance 
w is the wind-gust velocity (Vgust) and the criterion z is the 
sideslip angle β which is affected by gusts and it is 
considered to be a load indicator. The last I/O set (uc and 
ym) are the inputs and measurements used for control. 
They connect to the control system K(s) which in this case 
is just a state-feedback. 

 
 Figure 1 Synthesis Model 



The input file in this example is “Lateral_MaxQ1.Inp” and it is located in this directory: “Flixan\Control 
Analysis\Hinfinity\Examples\Shuttle Ascent Hinfinity Design\1-Lateral Design w Beta-Integral”. It includes 
the vehicle dataset “Shuttle Ascent, Max_Q, T=61 sec, (Design Model)” which generates the Shuttle vehicle 
system at Max-Q. There is a dataset that generates the TVC matrix “Shuttle Stage-1 TVC Matrix at Max-Q” 
which converts the roll, pitch and yaw FCS demands to 5 pitch and 5 yaw gimbal deflection commands. The 
TVC and the vehicle model are combined together to system “Shuttle Ascent, Max_Q, Design Model with 
TVC”, and then only the lateral states, inputs and outputs are extracted and retained in the subsystem 
“Shuttle Ascent, Max_Q, Lateral Hinf Design Model”. The pitch variables are ignored for now. The lateral 
subsystem is augmented by including a 6th state, the β-integrator, and creating the lateral design plant 
“Shuttle Ascent, Max_Q, Design Model with TVC and Beta-Integral” which will be used in Section 1.2 to 
create the SM. A batch set is included that can perform the entire modeling and design process in batch 
mode, but for now we will describe the interactive process in detail.  
 
1.1 Input File: Lateral_MaxQ1.Inp 
 

 



 

 



 

 



 
 
1.2 Creating the Synthesis Model 
 
The systems and matrices of this example are saved in file: “Lateral_MaxQ1.Qdr”. The SM consists of 9 
matrices and it will also be saved in the same systems file. It will be created from the design plant “Shuttle 
Ascent, Max_Q, Design Model with TVC and Beta-Integral” which is an (A, B, C, D) system by extracting 
some inputs and outputs and placing them into groups as we will describe in the following interactive 
process. The SM includes the plant dynamics and also defines the trade-off requirements that the H-infinity 
algorithm must optimize. The designer must define which inputs are disturbances and which inputs are 
controls. Also, which outputs are criteria to be optimized and which ones are measurements. In this 
example the measurements are the state-vector and we won’t need an estimator. We define the trade-off 
between bandwidth and performance versus sensitivity and stability in the optimization algorithm by 
adjusting some gains which are “knobs” that scale the disturbance inputs and some gains that scale the 
criteria outputs. Obviously, initially we don’t know what gains will produce the desired performance versus 
stability, so we begin to scale the disturbance inputs by entering the magnitudes of the maximum expected 
disturbances in the input gains, and for the output gains we enter the maximum allowed magnitude at each 
performance criterion. The controls are also included in the criteria outputs and we must scale them by the 
maximum amount of control allowed. In contrast, the measurement noise is also included in the 
disturbances vector and we must enter the maximum value of noise at each measurement. Fortunately, in 
this example the state-vector is measurable and we are not estimating it. Our measurement noise is zero 
and we enter very small values for measurement noise. 



 
Those gains are used to properly scale the disturbance inputs and criteria outputs in the optimization. 
Typically, several iterations are needed to converge to the desired trade-off of performance versus 
robustness. A simple, preliminary simulation model is used to evaluate the design. If we find that we are 
using too much control, we must reduce the corresponding control gain in the performance criteria output 
and repeat the design. If a regulated output such as vehicle attitude doesn’t converge to its commanded 
value fast, the gain of the corresponding attitude criterion must be reduced. 
 
To create the Synthesis Model, we begin by running the H-Infinity Control Design program from the Flixan 
main menu and then select the systems file that contains the design vehicle plant and where the SM will be 
saved. Then from the H-Infinity main menu select “Create a Synthesis Model (SM)” to create the SM from 
the vehicle design model. 
 

 

  
 
The following menu shows the titles of the systems which are included in the systems file. Select the 
vehicle design plant that includes β-integral and click on “Select”. The H-infinity SM will be created from 
this system. 



 
 
The first menu is used for defining parameter uncertainties. That is, pre-scaled inputs and outputs that 
connect to the uncertainties ∆ block. In this example we have not defined any uncertain parameters and 
have not created any uncertainty inputs and outputs. We therefore, click on “No Uncertainties” to proceed. 

 

 
  



The next menu is for defining external disturbance inputs. The design model has 3 inputs and all 3 are 
considered as disturbances. It is mainly the wind-gust but the two controls are also subject to disturbances. 
So, all 3 are selected and click on “Enter Selects” to continue. 

 
 
The next menu is for selecting the control inputs. There are two control inputs, the roll and yaw demands, 
which are the inputs to the TVC matrix since the design model already includes the TVC. Select one at a 
time and then click on “Enter Selects” to continue. 

  
 
The design system output consists of the entire state vector of 6 variables. We will optimize only four of 
those state variables, the two attitudes, beta, and β-integral. Select one at a time and then click on “Enter 
Selects” to continue. In the next menu do not select anything. Skip this option and click on “Enter Selects”. 
The next menu is for selecting the output measurements. Select all of them which is the entire state vector 
or click on “Set Output= State” and then click on “Enter Selects” to continue. 



 

 
  



We have now finished defining the input and output variables. The next step is to define the gains that will 
be used to scale them. Those gains may be changed in the next design iteration. In the dialog below enter 
the gains that will scale the disturbance inputs. That is, the maximum expected disturbance at each input. 
Highlight the input, click on “Select Variable” and click on “Enter Scale” to accept it, one at a time. The 
value appears in the display next to the variable label. When you finish click on “Okay” to go to the next 
dialog. 

 
 
This dialog is for entering the measurement noise. In this example the measurement is the entire state-
vector and the program knows that, but we do not want to build a state estimator. If the state-vector 
measurements were noisy then we would need one, even though we are measuring the entire state. So, we 
tell the program that we don’t want the estimator by inserting zero noise or a very small noise magnitude 
in each variable. The program requires a confirmation that you don’t want the estimator, so you enter 
“Yes” to calculate a state-feedback control gain and not a dynamic controller. 

 



We must now define the gains for the performance optimization criteria. That is, the maximum acceptable 
magnitude at the criteria outputs defined, which are: the maximum roll and yaw attitude errors, maximum 
beta transient magnitude and its integral. Reducing the gain value for a specific performance output results 
into better performance and smaller transient for that variable. Select one variable at a time, enter the gain 
and click on “enter scale” to accept it. When you finish click on “Okay” to go to the next dialog. 

 

The controls are also included in the optimization criteria. Between the two criteria we define the dividing 
line of the trade-off between performance and control bandwidth. In this example we have two controls, 
roll and yaw control demands. If we increase the gain in one of them, let’s say the roll control, we are 
telling the mathematic algorithm to allow more control in the roll axis which means bigger bandwidth in 
roll and the system will be faster in roll. Enter the two gains as before and click on “Okay” to proceed. 
Finally enter a short label that will appear at the end of the Synthesis Model title in the systems file. 

  



 
The following is the H-Infinity SM which is saved in file “Lateral_MaxQ1.Qdr” and it will be used to design 
the state-feedback controller 

 

 



 

 
The scaling gains are included on the side of the corresponding variables to be scaled. 
  



1.3 Designing the H-Infinity Controller Interactively 
 
We will now use the above SM to design the H-infinity controller. We go back to the H-infinity design 
program and from the main menu select the second option to read the SM which is already in file. From the 
next menu select the title of the only SM which is in the systems file, and click “Select”. 

 

 

 
  



The program confirms that the SM meets the expected observability and controllability requirements and 
displays the SM matrices graphically in system’s form in the dialog below. The 9 SM matrices appear color 
coded and also the scaling gains that scale the disturbances and the criteria. The A-matrix consists of 6 
states. There are 3 external disturbances, 6 measurements noise inputs which are set to almost zero (dark 
brown), 4 performance criteria, and 2 control utilization criteria. C2 is the identity matrix which means the 
6 outputs are equal to the state vector. Also, there are 2 control inputs for roll and yaw. 

 
 
Select the third option from the main menu to design the H-infinity controller, and click “Select”. The 
program confirms that the solution is a state-feedback gain rather than dynamic. 

  
  



Now we begin the iterative process of trying to minimize the upper bound γ of the infinity norm of the 
sensitivity transfer function between the 3 disturbance inputs and the 6 output criteria (4-performance & 
2-control). We begin with an arbitrary γ upper bound and try to find the smallest γ that will not violate the 
algorithm requirements. We must enter γ in decibels. We first enter γ=10 which is too low and click on 
“Yes” in the next dialog to try a bigger value. Next time we enter γ=20 which is also low and click on “Yes” 
again to try an even bigger value. After 2-3 iterations we find that γ=30 works and we click on “No” 
meaning that we do not want to try another value but to accept the current controller. 
 

 

 
 

 

 
 
The next Figure-2 shows the eigenvalues of the system with the control loop closed as in Figure-1 between 
the inputs (w) and the outputs (z). They are all stable, es expected. We return to the H-infinity main menu, 
and at this point we can save the controller gain by clicking on “Save the H-infinity Controller in Systems File 
(x.Qdr)”. 



 
Figure 2 Closed-Loop System Poles 

 
1.4 Control Analysis 
 
We will now analyze the control system stability and sensitivity to wind-gust disturbances in Matlab. The 
analysis files are in directory “Flixan\Control Analysis\Hinfinity\Examples\Shuttle Ascent Hinfinity Design\1-
Lateral Design w Beta-Integral”. There is an initialization file “init.m” that loads the lateral design model 
“Shuttle Ascent, Max_Q, Design Model with TVC and Beta-Integral” from file “later_des.m”. It also loads the 
closed-loop system from file “closed.m” and the H-infinity derived state-feedback matrix from file 
“Kpr6.mat”. 
 

 
  



There is also an open-loop Simulink model “Open_Loop.slx” used for stability analysis, shown in Figure-3 
configured for open yaw loop frequency response analysis with the roll loop closed. 

 
Figure 3 Open-Loop Stability Analysis Model “Open_Loop.slx” 

Sensitivity to gusts is analyzed using the closed-loop model “Sensitiv.slx” which includes the closed-loop 
system “Closed-Loop Via State-Feedback Gain”. Its input is scaled by multiplying it with the maximum 
expected wind-gust velocity which is 20 (feet/sec) and its output is scaled by dividing it with the maximum 
allowed β angle, which is 5° or 0.09 (rad). Therefore, the peak of the scaled sensitivity transfer function 
should be less than 1. The script file “freq.m” shown below calculates the yaw Nichols and Bode plots 
(Fig.4) and the Sigma plot of the sensitivity function. In Fig.5 the disturbance attenuation at low frequencies 
is very good because of the β-integral gain in the state-feedback. The overall gain is less than 1 or 0 (dB). 

 

 



 
Figure 4 Yaw Axis Bode and Nichols Plots Showing Stability Margin 



 

Figure 5 Sensitivity Response, Gust Velocity to Sideslip β 

The simulation model in file “Closed_Loop.slx”, shown in Fig.6, is used to calculate the system responses to 
gusts and to attitude commands. Figure-7 shows the system response to unit attitude commands. 

 

Figure 6 Simulation Model “Closed_Loop.slx” 



 

Figure 7 Closed-Loop System’s Response to Attitude Commands in Roll and Yaw 

  



2. Lateral H-Infinity Design with Gust Filter 
 
In this section we will present a different lateral design approach. It is still a state-feedback controller but 
we will replace the β-integrator gain with two additional gains from the states of a second order filter that 
is inserted in the vehicle model and is replacing the integrator. The vehicle is at Max-Q condition which 
lasts only 15-20 sec and the disturbances are mostly cyclic random gusts rather than steady-state shear. We 
assume that the gust disturbance has a sharp peak at 1 (rad/sec). We, therefore, like our control system 
sensitivity function to have a dip at the disturbance frequency. The filter produces a resonance that is 
tuned at the 1 (rad/sec) disturbance frequency. We set up the H-infinity synthesis model so that the 
resonance is excited by beta and the optimization algorithm will produce a state-feedback gain matrix that 
will inhibit the excitation of that resonance. It means that when the vehicle is excited by a cyclic wind-gust 
at 1 (rad/sec), the control system will respond to the oscillation by turning the vehicle nose towards the 
wind and therefore reducing somewhat the sideslip angle in steady-state. This of course is only possible 
when the TVC system can respond at that frequency. 

The work files for Section-2 are in directory: “Flixan\Control Analysis\Hinfinity\Examples\Shuttle Ascent 
Hinfinity Design\2-Lateral Design w Gust-Filter”. The Flixan input file containing the vehicle data is “Lateral-
MaxQ2.Inp”. In this analysis we will develop two vehicle models, a simple rigid model for control design and 
a more complex model for stability/ performance analysis. The second model includes also propellant 
sloshing and tail-wags-dog dynamics. The simple model is augmented by combining it with the beta-filter 
and the TVC to produce the design model. The design model is an (A, B, C, D) system and we use it to create 
the Synthesis Model which is a 9-matrix system (A, B1, B2, C1, C2, D11, D12, D21, D22) by selecting the 
control and disturbance inputs, the control measurements and performance criteria outputs, as it was 
shown in the previous section. The SM is already saved in file: “Lateral_MaxQ2.Qdr” and it will be used by 
the H-infinity program to calculate the state-feedback matrix Kpr7. Then, we shall load the systems, control 
gains and TVC matrices into Matlab and analyze control system stability, command following and 
performance to gusts in various complexity levels. We will also create a β-estimator from the 
accelerometer measurement because β is not directly measurable. 

2.1 Input File 

The input file contains the datasets which perform various Flixan functions. There is a batch set at the top 
of the file that can process the entire file in batch mode. The file includes two Shuttle vehicle models: a 
simple model “Shuttle Ascent, Max_Q, T=61 sec, (Design Model)” that is used for developing the synthesis 
model, and a more complex model that includes propellant sloshing, accelerometers and TWD dynamics. 
Its title is “Shuttle Ascent, Max_Q, T=61 sec, Rigid-Body/ Slosh/ TWD/ Accelerometer”. The simple vehicle 
model is combined with the TVC matrix and reduced by truncating the longitudinal variables and retaining 
only the lateral inputs, states and outputs. The title of the reduced lateral system is “Shuttle Ascent, 
Max_Q, Lateral Hinf Design Model”. A similar reduced lateral model is extracted from the complex vehicle 
model that includes pitch and lateral dynamics. Its title is “Shuttle Ascent, Max_Q, Lateral Analysis Model 
with Slosh & TVC” and it will be used for control analysis. A TVC matrix is also created using the mixing-logic 
program. 



 

 
 
The simple vehicle model does not include tail-wag-dog (TWD) dynamics. It has 5 TVC engines: 3 Shuttle Main 
Engines of 472,000 (lb) thrust each, and 2 Solid Rocket Boosters of 2.45 million pounds thrust each. The second 
vehicle model includes TWD. It also includes roll, pitch and yaw rate gyros, NY and NZ accelerometers, and two slosh 
modes for the LOX and LH2 tanks. 



 
 

 



 

 
The beta-filter is a 2nd order transfer-function that is excited by β and produces two additional states x1 and 
x2 in the design model. It is implemented by the transfer-function dataset above. 
  



The following Mixing Logic dataset generates the (10x3) TVC2 matrix that converts the 3 (roll, pitch, yaw) control demands to 
gimbal deflection commands. The other two sets create lateral design and analysis vehicle models by extracting the lateral 
variables from the corresponding coupled vehicle models. 

 
 
The following interconnection dataset combines the lateral design model with the beta-filter to produce the 
augmented design model that includes the beta-filter. They both include the TVC matrix. 

 
  



The next set performs the H-infinity design in batch. It uses the SM “Shuttle Ascent, Max_Q, Design Model with TVC 
and Beta Filter/SM-2” which is already saved in the systems file. The γ value is set to 12 (dB), as determined from 
previous interactive processing. The state-feedback matrix is saved in the systems file. Its name is “Kpr7” and its title 
is “Shuttle Ascent Lateral State-Feedback Gain-7”. 
 
The closed-loop system is obtained by closing the control loop around the augmented design model using the H-
infinity derived state-feedback matrix Kpr7. Finally, the design and analysis models, the TVC matrix, beta-filter, the 
control gain matrix Kpr7, and the closed-loop system are exported and loaded into Matlab. 
 

 

 
  



2.2 H-Infinity Synthesis Model 

Figure-8 shows the lateral control synthesis model in systems form, color coded, as it appears when 
running the H-infinity program interactively. The approximate color code values are shown at the lower left 
corner. The A-matrix consists of 7 states, 5 from the original vehicle and 2 from the α-filter. There are 3 
external disturbances (w), 2 control inputs (uc) for roll and yaw control, 7 measurements (ym) which are 
equal to the 7 states (C2 is the identity matrix), 5 performance criteria (z), and 2 control evaluation criteria. 
There are also 7 measurement noise inputs which are set to almost zero (dark brown) because they don’t 
play a role here when designing a state-feedback, only when we include a state estimator. 
 

 
Figure 8 H-Infinity Synthesis Model 
The SM is shown in detail below as copied from the systems file “Lateral_MaxQ2.Inp”. Description of the 
variables are shown at the bottom, together with the scaling gains. 
 





 
  



2.3 Processing the Input Data File 

The complete modeling and control design are included 
in the input file “Lateral_MaxQ2.Inp”. This time we will 
not run it interactively but we will process the entire 
file in batch mode by running the batch set which is 
located at the top of the file. Start the Flixan program 
and select the project directory: “Flixan\Control 
Analysis\Hinfinity\Examples\Shuttle Ascent Hinfinity 
Design\2-Lateral Design w Gust-Filter”. From the main 
menu select “File Management”, “Managing Input 
Files”, and then “Edit/ Process Input Data Files”, as 
shown below. 
 
The following dialog comes up that includes two 
menus. The menu on the left side lists the input data 
files in the project directory. There is only one. 
Highlight it and click on “Select Input File” button. The 
menu on the right shows the datasets which are in the input file. Select the batch set which is at the top of 
the list and click on “Process Input Data”. 

 
 
In the following question, answer “Yes”, which is okay to delete the old systems file and recreate it. The 
batch executes and creates the systems and matrices that can now be loaded into Matlab. 
 



 
 
2.4 Control Analysis 
 
The Matlab analysis begins by running the initialization file “init.m” which loads the systems, control gains 
and TVC matrices into Matlab. The design model includes the β-filter. The β-filter is also loaded separately 
in state-space form. The analysis model includes slosh and TWD dynamics but no β-filter. It was included in 
the design plant for the controller calculation, but now the β-filter has to be included in the control system. 
Some vehicle parameters that will be used later for estimating β are also loaded into Matlab. We also check 
the eigenvalues of the closed-loop system to make sure that it’s stable. We will demonstrate two versions 
of the control design. We will first analyze the system using β-feedback directly. Then we will replace the 
direct β-measurement with an estimate from the NY accelerometer because β is not directly measurable. 

 



2.4.1 Control Analysis Using Direct Beta Measurement 
 
We will first analyze roll and yaw stability and the control system sensitivity to gust disturbances which is a 
frequency domain analysis. We will use the analysis model “Shuttle Ascent, Max_Q, Lateral Analysis Model 
with Slosh & TVC” which was loaded from file “later_anal.m” and it includes slosh, TWD and the 
accelerometers. Stability is calculated using the open-loop analysis model “Open_Loop1.slx”, shown in 
Figure-9. The filter states x1 and x2 are excited by the sideslip angle β. The state-vector feedback in addition 
to the vehicle 5 states, it also includes the two filter states x1 and x2. Yaw stability is analyzed by opening 
the yaw loop and closing the roll loop, as shown below. 

 
Figure 9 Open-Loop Stability Analysis Model “Open_Loop1.slx” Configured for Yaw Analysis (Roll Loop Closed) 

Similarly, the sensitivity to disturbances is analyzed in the frequency domain using the closed-loop 
sensitivity analysis model “Sensitiv3.slx” shown in Figure-10, by calculating the SV sigma-plot from gust 
input to β output. The subsystems of this model are the same as in Fig-9. It is scaled by multiplying the gust 
input by the largest expected wind-gust velocity and by dividing the β-output by the maximum allowed β-
angle. The system satisfies sensitivity requirement when the Sensitivity TF magnitude is less than one at all 
frequencies. 

 
Figure 10 Sensitivity Analysis Model “Sensitiv3.slx”  



Figure 11 shows the open yaw loop Bode and Nichols plots (roll closed) calculated using the Simulink model 
“Open_Loop1.slx”. They are calculated by running the script file “frequ.m”. Figure 12 shows Bode and 
Nichols plots for the open roll loop with the yaw loop closed. The margins are great at this point since we 
don’t have bending modes. Slosh is phase-stable. 

 

Figure 11 Yaw Axis Stability 



 

 

Figure 12 Roll Axis Stability 

  



 
 
The script file “freq.m” uses the Simulink models “Open_Loop1.slxc” and “Sensitiv3.slx” to calculate the 
Bode, Nichols and SV (Sigma) plots. The sensitivity function has a significant dip at 1 (rad/sec). This would 
reduce the beta amplitude response at the disturbance frequency. 

 
Figure 13 Sigma Plot of the Sensitivity Function Between Gust Disturbance and Beta Output 

  



Simulation Using Direct Beta Measurement 
 
A couple of simulation models were created to test the H-infinity controller using direct feedback from beta 
including the β-filter. They are shown in Figure 14 below. The first one in file “Closed_Loop1.slx” uses the 
design model from file “Later_Des.m” which includes the β-filter. The second one in file “Closed_Loop2.slx” 
uses the analysis model from file “Later_Anal.m” which does not include the β-filter but it includes slosh 
and TWD. The β-filter is included in a separate block. The H-infinity derived (2x7) state-feedback gain Kpr7 
closes the control loop from the augmented 7-states vector via the roll and yaw actuator models. Figure 15 
shows the attitude and beta responses to unit step (φ & ψ) attitude commands as calculated by the second 
simulation model. The two attitude responses converge towards the commanded values but they are slow 
because of the Max-Q and load-relief situation. 

 
Figure 14 Closed-Loop Time-Slice Simulation Models  



 

Figure 15 Vehicle Response to Simultaneously Applied Unit Step Roll and Yaw Attitude Commands 
 



2.4.2 Control Analysis Using Feedback from a Beta Estimator 
 
The Shuttle vehicle does not have an air-data probe to directly measure the angles of attack and sideslip 
(α & β). We will, therefore, design estimators that will calculate (α & β) estimates from the (NY & NZ) 
accelerometer measurements and other variables. The β-estimator block is shown in Figure-14. The inputs 
are NY acceleration, yaw gimbal deflections (δzi) and filtered roll & yaw rates. The output is β-estimate in 
(rad). 

 
Figure 16 Beta-Estimator 

 
The Simulink model “Open_Loop2.slx” in Figure-17 is used to analyze roll and yaw stability. It is similar to 
Figure-9 and includes the same analysis system but beta is no longer used and instead the estimated beta is 
used for state-feedback. Also, the β-filter states x1 and x2 are no longer excited by the sideslip angle, but 
the estimated β.  
 

 
Figure 17 Open-Loop Stability Analysis Model “Open_Loop2.slx” Configured for Roll Analysis (Yaw Closed) 

 
  



Similarly, the sensitivity analysis model which is shown in Figure-18, it is implemented in the Simulink 
model “Sensitiv4.slx” and it includes the β-estimator. Otherwise, it is similar to Figure-10. Its gust input is 
scaled by the largest wind-gust velocity and the β-output is scaled by the maximum allowed β-angle. The 
output is the actual beta, not the estimate. It is only used for evaluation not for control. 

 
Figure 18 Sensitivity Analysis Model “Sensitiv4.slx” 

The script file “freq.m” uses the above two Simulink models to calculate the Open-Loop Bode and Nichols 
plots and also the sensitivity Sigma plot β(jω)/Vgust. Figure 19 shows the open yaw loop Bode and Nichols 
plots (roll loop closed) calculated using the Simulink model “Open_Loop2.slx”. Figure 20 shows the Bode 
and Nichols plots for the open roll loop with the yaw loop closed. The margins are good at this point since 
we don’t have bending modes. Slosh is phase-stable. 
 

 
 
  



 

 
Figure 19 Yaw Axis Stability 

  



 

 
Figure 20 Roll Axis Stability 

  



The sensitivity response in Figure-21 has a peak magnitude less than one, as expected to meet the 
sensitivity to gust requirement. It also has the dip at the average disturbance frequency which is 
accomplished by the β-filter, which reduces the beta amplitude response at the disturbance frequency. 

 
Figure 21 Sigma Plot of the Sensitivity Function Between Gust Disturbance and Beta Output 

 
Lateral Simulation Using the Beta Estimator 
 
Figure-22 shows the Simulink model “Closed_Loop3.slx” used for the lateral simulation. It is similar to 
“Closed_Loop2.slx” in Figure-14 but it includes the β-estimator in the state-feedback instead of a direct β-
measurement. The estimator also drives the β-filter. The H-infinity derived (2x7) state-feedback gain Kpr7 
closes the control loop from the 7-states vector via the roll and yaw actuator models. 



 
Figure 22 Closed-Loop Simulation Model “Closed_Loop3.slx” With Beta-Estimator and Filter 
 
Figure 23 shows the vehicle roll and yaw attitude responses to unit step (φ & ψ) attitude commands. The 
two attitude responses converge towards the commanded values but they are slow because of the Max-Q 
and load-relief limitations. 

 
Figure 23 Vehicle Response to Simultaneously Applied Unit Step Roll and Yaw Attitude Commands 

  



3. Pitch Axis H-Infinity Design with Gust Filter 
 
The pitch design is similar to Section-2 and even simpler because we only have one pitch control (DQ) 
which is implemented via the TVC logic. The H-Infinity control law is a (1x5) state-feedback controller from 
the 3 vehicle states: (θ, q, α) and a 2nd order angle of attack filter: (x1, x2) which is intended improve 
sensitivity to aero disturbances at 1 (rad/sec). We will set up the H-infinity synthesis model so that the α-
filter mode is excited by alpha and the optimization algorithm will produce a state-feedback gain matrix 
that will inhibit the excitation of the filter resonance and, therefore, provide a dip in the sensitivity function 
at that frequency. It means that when the vehicle is excited by cyclic disturbances at 1 (rad/sec), the control 
system will respond by turning the vehicle nose towards the wind reducing the angle of attack. 

The work files for Section-3 are in directory: “Flixan\Control Analysis\Hinfinity\Examples\ Shuttle Ascent 
Hinfinity Design\3-Pitch Design w Gust-Filter”. The Flixan input file containing the vehicle data is “Pitch-
MaxQ3.Inp”. Similar to Section-2, we will develop two vehicle models, a simple rigid model for control 
design and a more complex model for stability/ performance analysis. The second model includes 
propellant sloshing and tail-wags-dog dynamics. The simple model is augmented by combining it with the 
α-filter and the TVC to produce the design model. The design model is used to create the Synthesis Model, 
which is a 9-matrix system, via an interactive input/ output selection process already described. The SM is 
permanently saved in file: “Pitch_MaxQ3.Qdr” and it will be used by the H-infinity program to calculate the 
state-feedback matrix Kqhinf. Then, we shall load the systems, control gains and TVC matrices into Matlab 
and analyze control system stability, command following and performance to gusts in various complexity 
levels. We will also create an α-estimator from the Nz accelerometer measurement because α is not 
directly measurable. 

3.1 Input File 

The input file “Pitch_MaxQ3.Inp” contains the datasets that perform various Flixan functions. There is a 
batch set at the top of the file that processes the entire file in batch mode. The file includes two Shuttle 
vehicle models: a simple model “Shuttle Ascent, Max_Q, T=61 sec, (Design Model)” that is used for 
developing the synthesis model, and a more complex model that includes propellant sloshing, 
accelerometers and TWD dynamics and it is used for analysis. Its title is “Shuttle Ascent, Max_Q, T=61 sec, 
Rigid-Body/ Slosh Analysis Model”. The simple vehicle model is combined with the TVC matrix and is 
reduced by truncating the lateral variables and retaining only the pitch inputs, states and outputs. The title 
of the reduced pitch system is “Shuttle Ascent, Max_Q, Pitch Hinf Design Model”. It is also combined with 
the α-filter to create the design plant “Shuttle Ascent, Max_Q, Pitch Hinf Design Model with Alpha-Filter” 
which is also used to create the pitch SM “Shuttle Ascent, Max_Q, Pitch Design Model with TVC, Alfa-Filter/ 
SM-1”. 

A similar reduced pitch model is extracted from the second vehicle model that includes pitch and lateral 
dynamics. Its title is “Shuttle Ascent, Max_Q, Pitch Analysis with Slosh & TVC” and it will be used for control 
analysis. The TVC matrix is also created using the mixing-logic program. 



 

 



 

 
  



The following interconnection dataset combines the pitch design model with the alpha-filter to produce the 
augmented design model that includes the alpha-filter. They both include the TVC matrix. 
 

 
 
The next H-infinity design set performs the control design in batch. It uses the SM “Shuttle Ascent, Max_Q, 
Pitch Design Model with TVC, Alfa-Filter/SM-1” which is already saved in the systems file. The γ value is 
preset to 10 (dB), as determined from previous interactive processing. The state-feedback matrix is saved in 
the systems file. Its name is “Kqhinf” and its title is “Shuttle Ascent Pitch State-Feedback Gain”. 
 
The next is a vehicle dataset that creates the analysis vehicle model “Shuttle Ascent, Max_Q, T=61 sec, 
Rigid-Body/ Slosh Analysis Model” that includes slosh for the LOX and the LH2 tanks and TWD dynamics. It 
also includes rate gyros and accelerometer sensors. 
 
 
 
  



 

 
 
The next two sets combine the analysis vehicle model, which includes both: pitch and lateral variables, with 
the TVC matrix and retain only the pitch variables. The lateral variables are ignored in this section. They will 
be analyzed together in the last section with flex modes.   



 
 
Finally, the design and analysis models, the TVC matrix, alpha-filter, and the control gain matrix Kqhinf are 
exported and loaded into Matlab for further analysis. 
  



3.2 H-Infinity Synthesis Model 

Figure-24 shows the pitch control synthesis model in systems form, color coded, as it appears when running 
the H-infinity program interactively. The approximate color code values are shown at the lower left corner. 
The A-matrix consists of 5 states, 3 from the original vehicle and 2 from the α-filter. There are 2 external 
disturbances (w), 1 control (uc), 5 measurements (ym) which are equal to the 5 states (C2 is the identity 
matrix), 4 performance criteria (z), and 1 control criterion. There are also 5 measurement noise inputs 
which are set to almost zero (dark brown) because they don’t play a role here when designing a state-
feedback, only when we include a state estimator. 

 
Figure 24 Pitch Synthesis Model in Systems Form with Scaling Gains 

 
The SM is permanently saved in the systems file “Pitch_MaxQ3.Inp” and it shown in detail below. 
Description of the variables are shown at the bottom, together with the scaling gains. 
 



 



 

3.3 Processing the Input Data File 

The datasets of the entire pitch modeling and control 
design are included in the input file “Pitch-MaxQ3.Inp”. 
We will now process this file in batch mode by running 
the batch set which is located at the top of the file. 
Start the Flixan program and select the project 
directory: “Flixan\ Control Analysis\ Hinfinity\ 
Examples\ Shuttle Ascent Hinfinity Design\3-Pitch 
Design w Gust-Filter”. From the main menu select “File 
Management”, “Managing Input Files”, and then “Edit/ 
Process Input Data Files”, as shown below. The 
following dialog comes up that includes two menus. 
The menu on the left side lists the input data files in 
the project directory. There is only one. Highlight it and 
click on “Select Input File” button. The menu on the 
right shows the datasets which are in the input file. 
Select the batch set which is at the top of the list and 
click on “Process Input Data”. 
 



  

 
 
In the following question, answer “Yes”, which is okay to delete the old systems file and recreate it. The 
batch executes and creates the systems and matrices that can now be loaded into Matlab. 
 
3.4 Control Analysis 
 
The Matlab analysis begins by running the initialization file “init.m” which loads the systems, control gains 
and TVC matrices into Matlab. The design model includes the α-filter. The β-filter is also loaded separately 
in state-space form. The analysis model includes slosh and TWD dynamics but no β-filter. It was included in 
the design plant for the controller calculation, but now the β-filter has to be included in the control system. 
Some vehicle parameters that will be used later for estimating β are also loaded into Matlab. We also check 
the eigenvalues of the closed-loop system to make sure that it’s stable. We will demonstrate two versions 
of the control design. We will first analyze the system using α-feedback directly. Then we will replace the 
direct α-measurement with an estimate from the NZ accelerometer because α is not directly measurable. 

 



Stability and Sensitivity Analysis Models 
 
We will now analyze pitch axis stability in the frequency domain. We will use the analysis system: “Shuttle 
Ascent, Max_Q, Pitch Analysis with Slosh & TVC” which was loaded from file “pitch_anal.m” and it includes 
slosh, TWD and the accelerometers. We will first analyze stability using direct α-measurement for feedback 
and also to drive the α-filter using the open-loop analysis model “Anal2.slx”, shown in Figure-25. The filter 
states x1 and x2 are directly excited by the angle of attack α. The state-vector in addition to the 3 vehicle 
states, it also includes the two filter states x1 and x2. A low-pass filter is included which represents the 
actuator. Pitch stability is analyzed by opening the control loop as shown below. We will also analyze pitch 
stability using the model “Anal3.slx”, shown in Figure-26 which does not have a direct α-measurement but 
it uses an α-estimator to estimate α from the NZ accelerometer, Figure-27. 

 
Figure 25 Open-Loop Pitch Stability Analysis Model from file “Anal2.slx” 

 
Figure 26 Open-Loop Pitch Stability Analysis Model from file “Anal3.slx” which includes the α-estimator 

 
Figure 27 Alpha-Estimator 



Figure-28 is a closed-loop system used for analyzing sensitivity to gusts in the frequency domain using 
Singular Value (Sigma) plots. It is implemented in the Simulink model “Sensit3.slx” and it includes the 
α−estimator. The gust input is scaled by the largest wind-gust velocity and the α−output is scaled by the 
maximum allowed α-angle. The output is the actual alpha, not the estimate. The magnitude of the 
Sensitivity Function (α/Vgust) is expected to be less than one at all frequencies. 
 

 
Figure 28 Sensitivity Analysis Model “Sensit3.slx” 

The following Matlab script file “freq.m” calculates the Bode, Nichols and Sigma plots. Figure-29 shows the 
pitch axis stability margins, the two slosh modes at 3.37 (rad/sec) and the aero mode at 0.46 (rad/sec). 

 
 



 
Figure 29 Pitch Axis Stability 

  



The sensitivity response in Figure-30 has a peak magnitude less than one, as expected to meet the 
sensitivity to gust requirement. It also has the dip at the average disturbance frequency which is 
accomplished by the α-filter, which reduces the alpha response at the disturbance frequency. 

 
Figure 30 Sigma Plot of the Sensitivity Function Between Gust Disturbance and Alpha Output 

 
Pitch Simulation Models, With and Without Alpha Estimator 
 
We have a couple of closed-loop pitch axis simulation models in files “Sim2.slx” and “Sim3.slx” in Figures 
(31 & 32). They both use the analysis system “Shuttle Ascent, Max_Q, Pitch Analysis with Slosh & TVC”. The 
first one uses direct α-measurement for feedback and the second one has the α-estimator for feedback 
and to drive the α-filter. The H-infinity derived state-feedback gain Kqhinf is (1x5) matrix and closes the 
control loop from the 5-states vector via the actuator system. Figure 33 shows the system response to a 
unit step θ-command. The attitude converges towards the commanded value but its response is slow 
because of Max-Q and the load-relief limitations. The α-estimate is tracking the real α but it has an 
oscillation because the NZ accelerometer picks up the slosh disturbances from the external tank. 



 

Figure 31 Simulation Model “Sim2.slx” Using Direct Alpha Measurement 

 

Figure 32 Simulation Model “Sim3.slx” Using the Alpha Estimator 



 
Figure 33 System Response to Unit Step Pitch Attitude Command 

 



4. Lateral H-Infinity Design with State-Estimation 

In our previous H-infinity designs we assumed a perfect measurement of the state vector and the 
controllers were state-feedback gains. In this example the H-infinity controller is a dynamical system that 
includes a state estimator that estimates the state-vector from the measurements which are only attitudes, 
rates, and accelerometer. The angle of sideslip β is not measurable. Similar to Section 2, in this design we 
will include the β-filter in the SM to provide additional attenuation at the 1 (rad/sec) disturbance 
frequency. Finally, we will simplify the control law to use direct measurements for the attitudes and rates, 
instead of their estimates, and use the estimator only for the remaining 3 states.  
 
The input file in this example is “Lateral_MaxQ4.Inp” and it is located in this directory: “Flixan\Control 
Analysis\Hinfinity\Examples\Shuttle Ascent Hinfinity Design\ 4-Lateral Design w State-Estimator”. It 
includes two Shuttle vehicle datasets at Max-Q. The design vehicle system: “Shuttle Ascent, Max_Q, T=61 
sec, (Design Model)”, and the analysis system: “Shuttle Ascent, Max_Q, T=61 sec, Rigid-Body/ Slosh/ TWD/ 
Acceleromet” which includes propellant sloshing, accelerometers, and TWD dynamics. There is a dataset for 
generating the TVC matrix “Shuttle Stage-1 TVC Matrix at Max-Q”, the 2nd order NY disturbance filer “NY 
Filter”. The lateral system is extracted in “Shuttle Ascent, Max_Q, Lateral Hinf Design Model”, and an 
interconnection set combines the lateral design vehicle, the TVC, and the NY filter into the design plant: 
“Shuttle Ascent, Max_Q, Lateral Design Model with TVC and NY Filter” which is also used to create the 
Synthesis Model for the H-infinity design program. A lateral analysis model is also created by extracting the 
lateral variables from the analysis model that includes slosh and TWD and ignoring the pitch dynamics. The 
title of the lateral analysis system is “Shuttle Ascent, Max_Q, Lateral Analysis Model with Slosh & TWD”. A 
batch set is included at the top of the file that can perform the entire modeling and design process in batch 
mode, but let us describe the interactive process of creating the SM in detail.  
 
4.1 Creating the Synthesis Model 
 
The systems and matrices of this example are saved in file: “Lateral_MaxQ4.Qdr”. The SM consists of 9 
matrices and it will be saved in the same systems file. It must be created interactively from the design plant 
“Shuttle Ascent, Max_Q, Lateral Design Model with TVC and NY Filter” which is an (A, B, C, D) system, by 
extracting some inputs and outputs and placing them into groups as we will describe in the following 
process. The SM matrices consist of the plant dynamics and also defines the trade-off requirements that 
the H-infinity algorithm must optimize. The designer must define which inputs are disturbances and which 
inputs are controls. Also, which outputs are criteria to be optimized and which ones are measurements. In 
this example some of the measurements are also in the state-vector but the NY output is not a state and 
the state β plus two other states (x1 & x2) have to be estimated. We must, therefore, include the estimator 
in the design. We define the trade-off between bandwidth and performance versus sensitivity and stability 
in the optimization algorithm by adjusting some gains which are “knobs” that scale the disturbance inputs 
and some gains that scale the criteria outputs. Obviously, initially we don’t know what gains will produce 
the desired performance versus stability, so we begin to scale the disturbance inputs by entering the 
magnitudes of the maximum expected disturbances in the input gains, and for the output gains we enter 
the maximum allowed magnitude at each performance criterion. The controls are also included in the 
criteria outputs and we must scale them by the maximum amount of control allowed. In contrast, the 
measurement noise is also included in the disturbances vector and we must enter the maximum value of 
noise at each measurement. In this example we must inject measurement noise because we will include a 
state estimator. But we will introduce very little noise on the attitude and rate measurements and more 
noise on the accelerometer and filter states. 



Typically, several gain iterations are needed to converge to the desired trade-off of performance versus 
robustness. A simple, preliminary simulation model is used to evaluate the design. If we find that we are 
using too much control, we must reduce the corresponding control gain in the performance criteria output 
and repeat the design. If a regulated output such as vehicle attitude doesn’t 
converge to the commanded value fast, the gain that corresponds to the 
attitude criterion must be reduced. 
 
To create the Synthesis Model, we begin by running the H-Infinity Control 
Design program from the Flixan main menu and then select the systems file 
that contains the design vehicle plant and where the SM will be saved. Then 
from the H-Infinity main menu select “Create a Synthesis Model (SM)” to 
create the SM from the vehicle design model. 
 

 

  
 
The following menu shows the titles of the systems which are included in the systems file. Select the design 
plant “Shuttle Ascent, Max_Q, Lateral Design Model with TVC and NY Filter” that includes Ny-filter and click 
on “Select”. The H-infinity SM will be created from this system. 
 



 

 
 
The first menu is for defining parameter uncertainties. That is, pre-scaled inputs and outputs that connect 
to the uncertainties ∆ block. In this example we have not defined any uncertain parameters in the vehicle 
model with uncertainty inputs and outputs. We therefore, click on “No Uncertainties” to continue. 

 

 
  



The next menu is for defining external disturbance inputs. The design model has 3 inputs and all 3 are 
considered as disturbance sources. The biggest disturbance is the wind-gust but the two controls are also 
subjected to disturbances. So, all 3 are selected and click on “Enter Selects” to continue. 

 
 
The next menu is used for selecting the control inputs. There are two control inputs, the roll and yaw 
demands, which are the inputs to the TVC matrix since the design model already includes the TVC. Select 
them one at a time and then click on “Enter Selects” to continue. 

  
 
The design system output consists of attitudes, rates, beta, Ny-acceleration, and the two filter states. In this 
case we select only the outputs that we would like to minimize in the presence of disturbances, and that is, 
the two attitudes, the sideslip β, and the two filter states x1 and x2 that will produce the dip at the 
disturbance frequency. Select one at a time and then click on “Enter Selects” to continue. In the next menu 
do not select anything. Skip this option and click on “Enter Selects”.  
 



 

 
The next menu is for selecting the output measurements. Select the two attitudes, the two body rates, the 
Ny-accelerometer, the two filter states, and then click on “Enter Selects” to continue. 

 
  



We have now finished defining the input and output variables. The next step is to define the gains that will 
be used to scale them. Those gains may be changed for the next design iteration. In the dialog below enter 
the gains that will scale the disturbance inputs. That is, the maximum expected disturbance at each input. 
Highlight one of the inputs, click on “Select Variable”, enter the gain value, and click on “Enter Scale” to 
accept it, one at a time. The value appears in the display next to the variable label. When you finish click on 
“Okay” to go to the next dialog. 

 
This dialog is for entering the measurement noise. In this case we must include measurement noise 
because it is used in the estimator design. The noise value in the attitudes and rates are small because they 
are measurable. The noise injected in the accelerometer measurement and in the filter states is larger. 

 

We must now define the gains for the performance optimization criteria (z). That is, the maximum 
acceptable magnitude at the selected criteria outputs, which are: the maximum roll and yaw attitude 
errors, maximum beta transient magnitude and maximum values of the filter states x1 & x2. Reducing the 
gain value of a specific performance output results into better performance and smaller transient for that 
variable. Select one variable at a time, enter the gain and click on “enter scale” to accept it. When you 
finish click on “Okay” to go to the next dialog. 

 



 

The controls are also included in the optimization criteria (z). Between the two criteria we define the trade-
off between performance and control bandwidth. In this example we have two controls, roll and yaw 
control demands. If we increase the gain in one of them, let’s say the roll control, we are telling the 
mathematic algorithm to allow more control in the roll axis which means bigger bandwidth in roll and the 
system will be faster in roll. Enter the two gains as before and click on “Okay” to proceed. Finally enter a 
short label that will appear at the end of the Synthesis Model title which is saved in the systems file. 

 
 

 
 
  



H-Infinity Synthesis Model in file “Lateral_MaxQ4.Qdr”  
 

 

 



 

 
  



4.2 Input File: Lateral_MaxQ1.Inp 
 

 



 

 
The above two sets extract and retain the lateral subsystem variables from the fully coupled pitch/ lateral 
systems. The first one is for the design model and the second one is for the analysis model that includes 
slosh and TWD. 
 
  



The systems interconnection dataset below combines the lateral vehicle model with the disturbance filter. Note that 
the 2nd order filter is excited directly from the Ny-accelerometer this time and not by β. The outputs include Ny-
acceleration. This new system will be used to create the Synthesis Model and it consists of both: vehicle and filter 
states. 
 

 

 
 

The above H-infinity dataset is processed by Flixan in batch mode. It uses the SM: “Shuttle Ascent, Max_Q, Lateral 
Design Model with TVC and NY Filter/SM-5” that is already saved in the systems file “Lateral_MaxQ4.Qdr” to create 
the dynamic output feedback H-infinity controller: “H-Infin Control for Shuttle Ascent Lateral Output-Feedback/ SM-
5” which is also saved in the same systems file. The H-infinity upper bound is preset to γ=10 (dB). 

The following interconnection set combines the design plant “Shuttle Ascent, Max_Q, Lateral Design Model with TVC 
and NY Filter” with the H-infinity controller in closed-loop form. The input is wind-gust velocity in the pre-defined 
direction relative to the vehicle axes. It is used to calculate sensitivity to gusts. 

The following Matlab conversion sets create systems and matrices of the control system, the Ny-disturbance filter, 
the vehicle design and analysis models, the TVC matrix, and the closed-loop system, that will be loaded into Matlab. 



 



 
4.3 Designing the H-Infinity Controller Interactively 
 
We will now use the SM to design the H-infinity controller. The input file has a batch set that can run the H-
infinity program in batch mode but this time we will run it interactively. We go back to the H-infinity design 
program and from the main menu select the second option to read the SM which is already in file. From the 
next menu select the title of the only SM which is in the systems file, and click “Select”. 

 

 
 
The program confirms that the SM meets the expected observability and controllability requirements and 
displays the SM matrices graphically in system’s form in the dialog below. The 9 SM matrices appear color 
coded including the scaling gains that scale the disturbances and the criteria. The A-matrix consists of 7 
states. The A-matrix consists of 7 states, 5 from the original vehicle and 2 from the Ny-filter. There are 3 
external disturbances (w), 2 control inputs (uc) for roll and yaw control, 7 measurements (ym), 5 
performance criteria (z), and 2 control evaluation criteria. Some of the measurements are equal to the 
states but not all. There are also 7 measurement noise inputs which are not zero this time because 
measurement noise plays a role here in the estimator design. 
 
 



 
 
 
Select the third option from the main menu to design the H-infinity controller, and click “Select”. The 
program notifies you that the solution will be a dynamic output feedback controller. 

  
  



Now we begin the iterative process of minimizing the upper bound γ of the infinity norm of the sensitivity 
transfer function between the 3 disturbance inputs and the 7 output criteria (5-performance & 2-control). 
We begin with an arbitrary γ upper bound and try to find the smallest γ that will not violate the algorithm 
requirements. We must enter γ in decibels.  
 

 

 

 

 

 

 
 
  



We arbitrarily enter γ=100 (dB) first, which is acceptable by the algorithm but high. Click on “Yes” in the 
dialog question to try a smaller number. Try γ=5 (dB) next time but that is too low. There is a note that tells 
you to try a bigger gamma. Click on “Yes” in the dialog question to enter a bigger number. Try γ=10 (dB) 
next time and the note says that it is acceptable. In the question about trying another (γ), click on “No” this 
time meaning that you don’t want to try another value but to accept the current controller with γ=10. 
Figure-34 shows the eigenvalues of the system with the control loop closed as in Figure-1. They are all 
stable, as expected. We exit this figure, return to the H-infinity main menu, and we can save the controller 
as a system by clicking on “Save the H-infinity Controller in Systems File (x.Qdr)”. 

 
Figure 34 Closed-Loop System Poles 

 
  



4.4 Control Analysis 
 
The Matlab analysis begins by running the initialization file “init.m” which loads the systems into Matlab. 
That is, the design and analysis systems, the closed-loop system, the H-infinity controller, the disturbance 
filter, and the TVC matrix. All systems are in state-space form, including the Ny filter. The design model 
includes the Ny-filter and the filter input is directly excited by the Ny-accelerometer, not β. The analysis 
model includes slosh, accelerometer, and TWD dynamics but not the Ny-filter. It was included in the design 
plant for the controller calculation but now the Ny-filter must go in the control system. We also check the 
eigenvalues of the closed-loop system to make sure that it’s stable. We will demonstrate two versions of 
the control design. We will first analyze the system using the dynamic controller from all outputs. Then we 
will try another version of the same controller, by replacing some of the estimated states in the feedback 
loop with the actual measured states instead of the estimated. 

 
 
4.4.1 Analysis Using the Full Estimation Controller 
 
Two Simulink models “Open_Loop1.slx” and “Open_Loop2.slx” have been created to analyze roll and yaw 
open-loop stability. They are shown in Figures (35 & 36). The first one uses the lateral design system from 
file “later_des.m” which includes the Ny-filter. The second model uses the analysis system from file 
“later_anal.m” which includes slosh and TWD but the Ny-filter is in a separate block. The controller system 
from file “hinf_cntrl.m” is a separate block. The vehicle output measurements: (φ, p, ψ, r, Ny-acceleration, 
and the two filter states x1 and x2) are the feeding into the controller inputs. Yaw stability is calculated by 
opening the yaw loop (DR), closing the roll loop (DP), as shown in figures (35 & 36). The Bode and Nichols 
plots are calculated across the opened loop and shown in Figures (40 & 41). 
 
The Simulink models “Sensitiv1.slx” and “Sensitiv2.slx” in Figures (37 & 38) are used to analyze the system’s 
sensitivity to wind-gusts in the frequency domain using Singular Value (Sigma) plots. The first one uses the 
closed-loop system from file “closed.m” and the second model uses the analysis system from file 
“later_anal.m” which includes slosh and TWD but the Ny-filter is in a separate block. The gust input is 
scaled by the largest wind-gust velocity and the β−output is scaled by the maximum allowed β-angle. The 
output is the actual beta angle, not the estimate. The Sensitivity Function (β/Vgust) is shown in Figure 39. 
Its magnitude is expected to be less than one at all frequencies. 
 
 



 

Figure 35 Open-Loop Stability Analysis Model “Open_Loop1.slx” 

 

Figure 36 Open-Loop Stability Analysis Model “Open_Loop2.slx” 

 

Figure 37 Scaled Sensitivity Analysis Model “Sensitiv1.slx” 



 

Figure 38 Scaled Sensitivity Analysis Model “Sensitiv2.slx” 

The following Matlab script calculates and plots the Bode and Nichols plots of the open-loop system and 
the Singular Values frequency response of the scaled sensitivity analysis system. 

 

Figure 39 Scaled Sensitivity Function Sigma Plot from Gust to Beta Angle. It is less than 1 at all frequencies and it has a dip at the 
disturbance frequency 



 

 

Figure 40 Yaw Stability with Roll Loop Closed. The Filter produces a Mode near the Disturbance Frequency 1 (rad/sec) 



 
Figure 41 Roll Stability with Yaw Loop Closed 

  



Figure 42 shows the two simulation models “Closed_Loop1.slx” and “Closed_Loop2.slx” which are used to 
calculate the system responses to attitude commands and to wind-gust disturbances. They are similar in 
structure to the previous models described. The vehicle responses to unit step attitude commands are 
shown in Figure 43. They are obtained from the second model which includes slosh and TWD. 

 

 

Figure 42 Closed-Loop Simulation Models “Closed_Loop1.slx” and “Closed_Loop2.slx” 



 

Figure 43 Vehicle Responses to Unit Step Attitude Commands 

  



4.4.2 Analysis Using Controller with Partial Estimation  
 
The Simulink model “Open_Loop3.slx” in Figure 44 is similar to “Open_Loop2.slx” in Figure 36 and used for 
analyzing stability but it is slightly modified. It is taking advantage of the fact that 4 of the vehicle system 
outputs are also states and instead of feeding back estimates of the states we may feed-back the exact 
states. The controller state-estimator has been separated from the feedback gain Chi. The first four inputs 
of Chi are the exactly measured states (body rates and attitudes) and the last three inputs are the estimated 
states of: β, x1 & x2. The sensitivity analysis model “Sensitiv3.slx” in Figure 45 and the simulation model 
“Closed_Loop3.slx” in Figure 46 have a similar structure and are using the partial estimator. 
 

 

 
Figure 44 Stability Analysis Model “Open_Loop3.slx” that uses a Partial Estimator 

The script file “freq.m” calculates the Bode and Nichols plots of the open-loop system for the yaw and roll 
axes, shown in Figures (47 & 48). It also analyzes the scaled model “Sensitiv3.slx” sensitivity to wind-gusts 
in the frequency domain by plotting the Singular Value plots. It is shown in Figure 49 and it is less than 1 at 
all frequencies with a dip at the expected disturbance frequency. Figure 50 shows the attitude response to 
unit step commands. 



 
Figure 45 Sensitivity Analysis Model “Sensitiv3.slx” with Partial Estimator 

 
Figure 46 Closed-Loop Simulation Model “Closed_Loop3.slx” with Partial Estimator 

 



 
Figure 47 Yaw Axis Stability, Roll Axis Closed 



 
Figure 48 Roll Axis Stability, Yaw Axis Closed 



 
Figure 49 Scaled Sensitivity Function Sigma Plot from Gust to Beta Angle. It is less than 1 at all frequencies and it has a dip at 
the disturbance frequency 

 
Figure 50 Vehicle Attitude Responses to Unit Step Attitude Commands 

  



5. Coupled Axes Analysis with Slosh and Flexibility 
 
To complete the design, we must now analyze the control system gains derived from Sections 2 and 3 with 
the coupled pitch and lateral vehicle system including slosh and structural flexibility. We will analyze 
stability in each axis, sensitivity to wind-gust disturbances and calculate the control system’s response to 
attitude commands, as before. Detailed actuator and sensor models will be included in the plant system. 
The analysis will be repeated in the z-domain after discretizing and combining the plant and the control 
system. The analysis files for this section are in this directory: “Flixan\Control Analysis\Hinfinity\ Examples\ 
Shuttle Ascent Hinfinity Design\5-Further Analysis Flex, Coupled Axes”. The Flixan input datasets are in file: 
“Coupled_MaxQ.Inp” and the systems created are saved in file: “Coupled_MaxQ.Qdr”. 
 
5.1 The Input File 
 
The input file “Coupled_MaxQ.Inp” begins with a batch dataset for processing the entire file in batch mode. 
It includes the vehicle model “Shuttle Ascent, Max_Q, T=61 sec, Rigid-Body/ Slosh/ TWD/ Accelerometer” 
which is combined with the modal data set “Flex Modes for Shuttle Ascent, Max_Q” located at the bottom 
of the file. The modes have already been preselected and scaled and ready to be combined with the vehicle 
data. There is a mixing logic dataset “Shuttle Stage-1 TVC Matrix at Max-Q” that creates the TVC matrix 
from the vehicle data. There are two actuator models, “Shuttle Main Engine Actuator” for the 3 SSMEs, and 
“Solid Rocket Booster Actuator” for the 2 SRB engines. The 5 engines are combined together in a single 
system “System of Five Actuators” which is included twice in the plant model for the pitch and lateral 
gimbal deflections. A separate transfer function system is created “IMU, Gyro, Accelerometer Sensors” 
which includes the sensor dynamics and is also included in the plant model. 

 



 

 



 

 



 
 
The following is the Shuttle vehicle dataset at Max-Q, which is 754 (psf). It has 5 engines, 3 rate gyros (roll, 
pitch, yaw) rates, 2 accelerometers along (NY and NZ), 2 propellant sloshing modes for the LOX and LH2 
tanks, and 25 bending modes. The plant model “Shuttle Plant Model at Max-Q (Flex Vehicle, Actuators, 
Sensors)” consists of 4 systems combined: the vehicle model, the sensors, the 5 pitch actuators, and the 5 
yaw actuators. The system of five actuators is used twice for pitch and yaw actuators. 



 



 



 
 
The above s to z transformation set converts the continuous plant model to a discrete system title “Discrete Shuttle 
Plant Model at Max-Q (Flex Vehicle, Actuators, Sensors)” sampled at 20 msec. The next four sets convert the vehicle, 
plant models and the TVC matrix to files that can be loaded into Matlab. The last dataset “Flex Modes for Shuttle 
Ascent, Max_Q” is the modal data that will be processed by Flixan together with the vehicle data to create the 
flexible vehicle state-space system. It contains 29 modes and the first 2 are shown below. Each mode frame contains 
the mode frequency, damping, modal mass, and the mode shapes and slopes at important vehicle locations (nodes). 



 
 
  



5.2 Processing the Input Data File in Batch 

We can process the input file interactively in batch 
mode by running the batch dataset located at the top 
of the file. Start the Flixan program and select the 
project directory: “Flixan\Control Analysis\Hinfinity\ 
Examples\ Shuttle Ascent Hinfinity Design\5-Further 
Analysis Flex, Coupled Axes”. From the main menu 
select “File Management”, “Managing Input Files”, and 
then “Edit/ Process Input Data Files”, as shown below. 
 
The following dialog comes up that includes two 
menus. The menu on the left side lists the input data 
files in the project directory. There is only one. 
Highlight it and click on “Select Input File” button. The 
menu on the right shows the datasets which are in the 
input file. Select the batch set which is at the top of the 
list and click on “Process Input Data”. 

 
 
In the following question, answer “Yes”, which is okay to delete the old systems file and recreate it. The 
batch executes and creates the systems and matrices that can now be loaded into Matlab. 
  



5.2 Loading the Files into Matlab 

The Matlab script file “init.m” loads the continuous and discrete systems, the disturbance filter and the TVC 
matrix into Matlab. It also loads the pitch and lateral control gains Kqhinf.mat and Kprhi.mat that were 
calculated in previous Sections 2 & 3. It also loads some vehicle parameters which are needed for the α & β 
estimators. Finally, it discretizes the pitch and lateral flight control systems in order to be combined with 
the discretized plant. 
 

 

 
Figure 51 Pitch and Lateral State-Feedback Control Gains: Kqhinf, Kprhi 

 
The pitch and lateral control systems consist mainly of the state-feedback gain matrices and the α & β 
estimators. However, considerable amount of filtering has been included in order to attenuate the bending 
modes and to prevent them from becoming unstable. Filters are also included in the estimator’s 
accelerometer measurements. Figures 52 and 53 show the pitch and lateral flight control systems. 

 
Figure 52 Pitch FCS with Estimator, α-filter, and Bending Filters 



 
Figure 53 Roll & Yaw FCS with Estimator, β-filter, and Bending Filters 

The TVC matrix converts the roll, pitch and yaw FCS demands to gimbal deflections that command the 10 
actuators (5-pitch and 5-yaw commands). It is calculated by the Flixan Mixing-Logic algorithm based on TVC 
thrust, max gimbal deflection, and geometry relative to vehicle CG. 

 
Figure 54 The TVC Converts the Roll, Pitch and Yaw Demands to Gimbal Deflection Commands 

5.3 Control Analysis 

Figure 55 is the open-loop model “Open_Loop.slx” used for analyzing stability, one loop at a time with the 
other two loops closed, shown in the pitch stability configuration in Fig.55. The entire plant model 
consisting of flex vehicle, actuators and sensors is included in the state-space system. Figure 56 is the 
closed-loop model “Sensitiv.slx” and contains the same elements. It is used for analyzing the system’s 
sensitivity to wind-gusts in the frequency domain using Singular Value (Sigma) plots. The direction of the 
gust excites both pitch and yaw. The input is gust velocity scaled by the largest wind-gust velocity 30 
(ft/sec) and the output consists of both (α & β) angles, divided by the maximum allowed angles 4°. 



 
Figure 55 Coupled, Pitch and Lateral “Open_Loop.slx” Model Used for Stability Analysis 

 
Figure 56 Scaled Sensitivity Analysis Model “Sensitiv.slx” 

 
The file “freq.m” below uses the open-loop model in Fig.55 to calculate the Bode and Nichols plots for 
pitch, yaw and roll stability analysis, and the Sensitivity model in Fig.56 to analyze sensitivity to 
disturbances using SV plot. The Sensitivity Function: (α,β)/Vgust is shown in Figure 60. Its magnitude is less 
than one at all frequencies and it has a dip at 1 (rad/sec), as expected. 
 

  



 
Figure 57 Pitch Axis Stability Analysis 

  



 

Figure 58 Yaw Axis Stability Analysis 



 

Figure 59 Roll Axis Stability Analysis 



 

Figure 60 Sigma Plot of the Sensitivity Function Between Gust Disturbance and α & β Output 

5.4 Simulation Models 

We have two Simulink models to perform time-slice simulations at Max-Q. A continuous model 
“Sim_Flex_s.slx” in Figure 61 that uses the continuous plant “Shuttle Plant Model at Max-Q (Flex Vehicle, 
Actuators, Sensors)”, and a discrete model “Sim_Flex_z.slx” in Figure 62, discretized at dT=0.02 sec, that 
includes the z-transformed plant “Discrete Shuttle Plant Model at Max-Q (Flex Vehicle, Actuators, Sensors)”. 
The discrete simulation also includes the z-transformed pitch and lateral flight control systems which 
include the estimators and filters. 

The first set of Figures 63 show the response of the continuous simulation “Sim_Flex_s.slx” to a wind-gust 
pulse of 30 (feet/sec) max velocity which lasts about 9 sec. The gust produces 0.5° of α and β transients and 
0.5° of negative roll, and the engines deflect to counteract the transient and stabilize the vehicle. 

The second set of Figures 64 show the response of the discrete simulation “Sim_Flex_z.slx” to unit step 
attitude commands in pitch and yaw. Not in roll. Pitch and yaw slowly converge to the commanded values. 
There is a strong roll transient due to the aerodynamic coupling that slowly decays towards zero. Flexibility 
is visible in the accelerometers 

  



 
Figure 61 Closed-Loop Shuttle Ascent Simulation Model “Sim_Flex_s.slx” (S-plane) 

 
Figure 62 Closed-Loop Shuttle Ascent Simulation Model “Sim_Flex_z.slx” (Z-plane) 

  



 

 



 
Figure 63 Continuous System “Sim_Flex_s.slx” Response to Wind-Gust Pulse 



  



 

Figure 64 Discrete System Response to Pitch and Yaw Attitude Commands 



 
 

In this example we will model a launch vehicle during first stage at 
high dynamic pressure and use the H-infinity method to design the 
flight control system (FCS) at a fixed time-slice. This vehicle is 
cylindrical which simplifies the design because pitch and yaw are 
almost identical. The propulsion consists of 9 engines producing a 
total thrust of 230,000 (lbf) but only 8 of the engines are gimbaling in 
pitch and yaw. The center engine is fixed and it does not gimbal or 
throttle. In Section-1 we begin with a rigid body model and design a 
preliminary control system at a fixed flight condition, t=85 sec, a little 
before Max-Q. We will analyze only the pitch axis because the yaw 
axis is identical and the roll axis is trivial and it will be analyzed in 
Section-2. In this high-Q condition the control design includes several 
performance requirements. Our primary design goal is to reduce the 
aerodynamic loading on the vehicle structure caused due to cyclic 
aerodynamic disturbances in the frequency range between 0.6 and 
0.9 (rad/sec). When the vehicle ascends through atmospheric layers 
of varying wind velocities, they produce aero disturbances in this 
frequency range. We therefore want to desensitize the vehicle in this 
frequency range by creating a dip in the sensitivity function. In 
essence, the vehicle anticipates and reacts against the cyclic 
disturbance by turning its nose towards the wind. This is not a typical 
load-relief system which reacts against a wind-shear in the steady-
state but in this case it anticipates the cyclic disturbance by oscillating 
the vehicle attitude towards the cyclic wind and thus reducing the 
alpha oscillations and also the aerodynamic loading against the 
structure. Sensitivity reduction is accomplished by the introduction of 
a 4th order alpha-filter. The H-infinity design model is augmented by 
including the alpha-filter to further improve sensitivity at the desired 
frequency range. The H-infinity algorithm creates a stabilizing 
controller and the filter is included in the FCS.  In addition to cyclic disturbances, we also want to improve 
the control system robustness against uncertainties or variations of some internal vehicle parameters, such 
as aerodynamic coefficients and mass properties. They are internal parameters where the maximum 
amount of variation from nominal values are known. The internal variations are treated as external 
disturbances and performance criteria in the H-infinity optimization model and the algorithm produces a 
control system that is robust to those internal variations, as well as to the external disturbances described. 

  



A design however is not complete until it is tested with all the details. In Section-2 we will further analyze 
the vehicle system using detailed models that include roll, pitch and yaw coupled axes, propellant sloshing, 
structural modes and actuator models including tail-wags-dog and load-torque feedback. Some of the 
modes are unstable and low-pass and notch filters are included in order to stabilize them. The analysis 
includes stability margins using Bode and Nichols charts, sensitivity to gusts and robust performance, which 
is the ability to satisfy good performance and robustness to parameter uncertainties and requires 
Structured Singular Values analysis. Time-slice simulations are also included to demonstrate the control 
system’s response to gusts and to attitude commands. In Sections 1 & 2 we present a simpler state-
feedback design where the angle of attack is measurable. In Sections 3 & 4 we use an estimator to replace 
the alpha feedback with Nz accelerometer feedback. 
 
1.0  Rigid Body H-Infinity Control Design 
 
In this section we will design the state-feedback control law for the launch vehicle pitch axes. The yaw axis 
is identical by symmetry. The input file in this example is “LV_HighQ.inp” located in directory 
“Flixan\Control Analysis\Hinfinity\Examples\Launch Vehicle Design & Analysis\1-LV Gust Robust Design, 
Uncs, State-Feedback”. The vehicle model is rigid. Its title is “First Stage Analysis Model, T=85.0 sec” and it 
does not include TWD dynamics. We will create several models from this vehicle starting with the TVC. 

1.1 The Thrust Vector Control Matrix 

 

Figure 1 TVC Engines 

The TVC consists of 9 engines. The central engine is fixed and only the 8 peripheral engines are gimbaling in 
pitch and yaw to produce the required roll, pitch and yaw torques required to maneuver the vehicle. The TVC 
matrix, in Figure 2, converts the roll, pitch and yaw acceleration demands coming from the flight control system 
(FCS) to pitch and yaw gimbal deflection commands for the 8 engines. The TVC matrix diagonalizes the plant 
between the (roll, pitch, yaw) acceleration demands and the vehicle acceleration outputs. The gimbal 
deflections produce acceleration outputs that approximate the acceleration demands. It is created by the Flixan 
program based on vehicle geometry and thrusts by processing the mixing logic dataset “Mixing Logic for First 
Stage Analysis Model, T=85.0 sec” and the vehicle data. 



 
Figure 2 TVC Matrix Converts the Control Acceleration Demands to Gimbal Deflections 

1.2 Creating the Design System and the Control Synthesis Model for H-Infinity Design 

The H-infinity algorithm requires a Synthesis Model (SM) which is used as reference in order to generate 
the control system. We do this in steps. We must first combine the vehicle system with the TVC and then 
extract the pitch variables to create the vehicle system: “Pitch Design Model with TVC” which includes the 
TVC and consists of states: pitch attitude θ, body rate q, and angle of attack α. The inputs and outputs 
include 6 additional inputs and outputs that connect with the uncertainty block ∆ which represent internal 
parameter uncertainties. Then, the design model is augmented by including 5 additional states: a 4th order 
filter “Alpha Filter” that amplifies the angle of attack α at the disturbance frequency range 0.6 to 0.9 
(rad/sec) and a “Theta Integrator” which introduces θ-integral in the optimization to improve attitude 
tracking. The title of the augmented design model is “Pitch H-inf Design Model with TVC and Alpha-Filter” 
and it will be used to create the Synthesis Model (SM) which is presented to the H-infinity algorithm.  

 
Figure 3 The Design Model is Augmented by Including a 4th Order Filter and a Theta Integrator 



 
Figure 4 The Augmented Design System “Pitch H-inf Design Model with TVC and Alpha-Filter” is saved in State-Space form. It 
Includes the Pitch Design model with TVC, the 4th Order Notch Filter and the Theta Integrator 

The SM consists of 9 matrices and the performance adjustment gains. It is created from the augmented 
design system interactively by selecting the necessary inputs and outputs and entering the performance 
gains. It is then saved in the systems file “LV_HighQ.Qdr”, and its title is “Pitch H-inf Design Model with TVC 
and Alpha-Filter/SM-2”. Figure-5 shows the SM system P(s) in block diagram form which has 3 sets of input/ 
output vector pairs. The first set (wp and zp) are fictitious inputs and outputs that connect to the plant 
uncertainties block ∆ which is extracted from the plant. The B1 and C1 matrices of P(s) have already been 
scaled to match with uncertainties ∆ that vary between ±1. The inputs (wp) are treated like disturbances 
and the outputs (zp) are included in the optimization criteria. The second input/output set (w and z) are the 
actual external disturbance inputs and performance criteria outputs. In this case the disturbance w is the 
wind-gust velocity (Vgust) and the criterion z is the angle of attack dispersion relative to the velocity vector 
which is affected by gusts and it is an aerodynamic load indicator. The last I/O set (uc and ym) are the 
control inputs and measurements that connect with the control system K(s) which in this case is (1x8) state-
feedback gain matrix (Kqhi).  

 
Figure 5 Synthesis Model 



 
Figure 6 The Synthesis Model in More Detail Systems Form 
The SM is shown in a more detail systems form in Figure-6. It has 8 states and consists of 9 matrices and the 
adjustable gains are shown at the w-inputs and z-outputs. The w-inputs consist of: the gust velocity, control 
input noise, and a command for a regulated output. The z-outputs consist of: 7 outputs to be optimized, a 
regulated output error, and one control input. The gains are adjusted for a satisfactory trade-off between 
control system bandwidth versus stability and sensitivity to disturbances (both internal and external).  

 
  



1.3 Input File 
 
The input file “LV_HighQ.Inp” contains the datasets used by the Flixan program to create the vehicle 
systems and matrices. A batch set at the top of the file, title: “Batch-1 for Launch Vehicle Stage-1 Robust 
Design at T=85 sec (old SM)” is used to process the entire file in batch mode. There is a vehicle dataset 
“First Stage Analysis Model, T=85.0 sec” that generates the rigid vehicle system and includes parameter 
uncertainties. A mixing logic dataset “Mixing Logic for First Stage Analysis Model, T=85.0 sec” that uses the 
vehicle data to create the TVC matrix. The theta integrator and alpha-filters are implemented in transfer-
function form and saved in state-space system “Alpha Filter”. The TVC matrix is then combined with the 
vehicle system to create the full 3-axes design model “Design Model with TVC”. Since we are only 
interested in the pitch axis, we extract the pitch subsystem and save it in “Pitch Design Model with TVC”. 
This system is then augmented by including the alpha-filter and the theta-integrator, as it is shown in 
Figure-3, and its title is “Pitch H-inf Design Model with TVC and Alpha-Filter”, also shown compact in Figure-
4. From this system we then create the Synthesis Model: “Pitch H-inf Design Model with TVC and Alpha-
Filter/SM-2” by means of an interactive process by selecting inputs, outputs and gains, as it will be 
described in Section 1.4. This batch-1 includes a statement “Retain CSM” that permanently preserves the 
SM in the systems file “LV_HighQ.Qdr” and it does not delete it. There is a second batch in file 
“LV_HighQ.Inp” that does not retain the SM but it creates a new SM from the design system and it will be 
described in Section 1.5. 

 

  



 

The uncertainties dataset below includes the amount of worst possible variations in some of the vehicle 
parameters. Each variation corresponds to a parameter in the vehicle data. The variations of the non-
changing parameters are obviously set to zero. In this case we have 11 parameter variations, and 6 of them 
affect the pitch axis. The dynamic pressure variation affects both pitch and yaw.  



 

The mixing logic dataset above uses the vehicle data to generate the TVC matrix. The TVC matrix is defined 
to accept 3 rotational acceleration demands (roll, pitch and yaw), see Figure-2. The outputs are 8 pitch and 
8 yaw gimbal deflection commands that go to the actuators. 

  



The alpha-filter consists of two resonances which are excited from the angle of attack. They amplify the 
frequency range between 0.6 to 0.9 (rad/sec) where the wind disturbances occur. The resonances are 
optimized by the algorithm which creates a control logic that attempts to attenuate excitations in that 
frequency range. The integrator is used to create θ-integral which is also included in the optimization. 

  



The datasets below combine the vehicle system with the TVC matrix to create “Design Model with TVC” and 
then create a reduced system “Pitch Design Model with TVC” by extracting only the pitch variables. 

 

  



The dataset below combines the pitch design model with the alpha-filter and the theta-integrator to create 
the augmented pitch design model that is used to create the 9-matrices SM. 

 

The H-Infinity design dataset reads the SM “Pitch Hinf Design Model with TVC and Alpha-Filter/SM-2” from the 
systems file: “LV_HighQ.Qdr” and creates the (1x8) state-feedback matrix “Kqhi” which is also saved in the systems 
file under “Pitch State-Feedback Gain Matrix”. The upper bound gamma parameter is set to γ=44 (dB). Values smaller 
than γ=40 (dB) violate the algorithm criteria. The following datasets convert the Flixan generated systems and 
matrices from file “LV_HighQ.Qdr” to m-files and mat-files that can be loaded into Matlab for control analysis. 



 

 

1.4 Creating the Synthesis Model Interactively 
 
We will now show how to create the SM that will also be saved in the systems file. The SM consists of 9 
matrices and includes the plant dynamics and optimization parameters. It redefines the system inputs into 
controls and disturbances and redefines the outputs into measurements and optimization criteria. It also 
includes gains which represent performance requirements that must be optimized by the H-infinity 
algorithm. The designer must define which inputs are disturbances and which ones are controls. Also, 
which outputs are criteria to be optimized and which ones are used as measurements. In this example the 
measurements are equal to the state-vector and we won’t need an estimator. We begin by running the H-
infinity design program and selecting the first option to create the SM, as shown below. Use the next two 
menus to select the systems filename and the augmented design system which includes the alpha-filter. 

  



 
 
The SM will be created from the design plant “Pitch Hinf Design Model with TVC and Alpha-Filter”, which is 
an (A, B, C, D) system, by selecting some inputs and outputs using menus and placing them into groups. We 
begin with the first dialog below which selects the inputs and outputs that connect with the uncertainty 
block ∆, if any. In this case we have 6 uncertainty connections. Use the left and right menus to select the 6 
parameter variation pairs that connect with the uncertainty block.  
 
Note, they must be equal number of i/o pairs. They won’t be connected to any block in this case but they 
will be treated like disturbance inputs and criteria outputs as described in the IFL method. Click on “Select”. 

 



The next menu is for defining external disturbance inputs. The first two inputs are selected as disturbances. 
That is, the wind-gust velocity, and noise to be added at the control input DQ_tvc. Select one at a time, and 
click on “Enter Selects” to continue. 

 
 
The next menu is used for selecting the control inputs. There is only one control input in the design system, 
the pitch demand to the TVC. It is actually the second input to the TVC matrix but the TVC is already 
included in the plant. Select the DQ_tvc input and then click on “Enter Selects” to continue. 

 
 
The design system has several outputs. We will include only 7 to be optimized which are also state 
variables. That is, the pitch attitude θ, the angle of attack α, θ-integral, and the four filter states, x1 to x4.  
Select one at a time and then click on “Enter Selects” to continue.  
 



 
In the next menu select one output to be commanded. We only have one output which is regulated by 
command, the pitch attitude. Select it and click on “Enter Selects”. The next menu is used for selecting the 
output measurements. Select the ones which are also states in order to create a state-feedback gain (no 
estimator will be used in this case), then click on “Enter Selects” to continue. 

 
 



We have now finished defining the input and output variables of the SM. We must now enter the gains that 
will be used to scale them in the optimization. The trade-off between bandwidth and performance versus 
sensitivity and stability are defined in the optimization algorithm by adjusting those gains which are like 
“knobs” that scale the disturbance inputs and the criteria outputs and they can be changed in the next 
design iteration when not satisfied with the result. Initially we don’t know what gains will produce the 
desired performance versus stability, so we begin to scale the disturbance inputs by entering the 
magnitudes of the maximum expected disturbances in the input gains and for the output gains we enter 
the maximum magnitude permitted at each performance criterion. The controls are also included in the 
criteria outputs and we must scale them by entering the maximum amount of control allowed.  
 
The measurement noise is also included in the disturbances vector and we must enter the maximum value 
of noise at each measurement. Fortunately, in this example the state-vector is measurable and since we are 
not estimating it, the measurement noise is set to zero or a very small value. In the dialog below enter the 
gains that will scale the disturbance inputs. That is, the maximum expected disturbance at each input. 
Highlight the input, click on “Select Variable”, enter value, and click on “Enter Scale” to accept it, one at a 
time. The value appears in the display next to the variable label. When you finish click on “Okay” to go to 
the next dialog. In the two dialogs below enter the magnitudes of the largest disturbances expected and 
the magnitude of the control input and click “Okay”. 

 
  



The next dialog is for entering noise at the measurements. In this example the measurement is the entire 
state-vector and the program knows that, but we do not want to build a state estimator. If the state-vector 
measurements were noisy then we would need an estimator, even though we are measuring the entire 
state. So, we tell the program that we don’t want the estimator by inserting zero noise or a very small noise 
magnitude in each variable. The program requires a confirmation that you don’t want the estimator, so you 
enter “Yes” to calculate a state-feedback control gain and not a dynamic controller 

 
 
The next dialog is for defining the gains at the performance optimization criteria. That is, the maximum 
acceptable magnitude at the criteria outputs, which are: the pitch attitude θ, angle of attack α, θ-integral, 
and the 4 filter states. Reducing the gain value at a performance output produces better performance and 
smaller transient in that variable. Select one variable at a time, enter the gain and click on “Enter Scale”. 
When you finish click on “Okay” to go to the next dialog. 

 

We must also enter a gain to define the max regulated output error (zre). The last dialog is for defining the 
control magnitude because the control is also included in the optimization criteria. In this example we only 
have the pitch control demand.  



 

The gains define the trade-off between performance/ sensitivity versus control bandwidth and stability. If 
we increase the control gain, we are telling the algorithm to allow more control which means bigger 
bandwidth and the system performance and speed will improve. Enter the two gains as before and click on 
“Okay”. Finally enter a short label that will appear at the end of the SM title in the systems file. 

 

Typically, several iterations are needed to converge to the desired trade-off between performance versus 
robustness. A simple, preliminary simulation model is often needed to evaluate the design. If we find that 
we are using too much control, we must reduce the corresponding control gain in the performance criteria 
output and repeat the design. If a regulated output such as vehicle attitude doesn’t converge fast enough 
to its commanded value, the gain of the corresponding attitude criterion must be reduced. At the 
completion of the interactive SM creation process a SM creation dataset is automatically saved in the input 
file. This dataset can be processed later in batch to recreate the SM, as shown in Section 1.5. 
  



1.5 Creating the Synthesis Model in Batch Mode 
 
The SM creation time can be shortened by processing it in batch mode instead of creating the SM 
interactively, then modifying it and re-using it until satisfied with the results. The input file “LV_HighQ.inp” 
has a second batch dataset, title: “Batch-2 for Launch Vehicle Stage-1 Robust Design at T=85 sec (new SM)” 
which does not retain the old SM but includes a new input set “Pitch Hinf Design Model with TVC and 
Alpha-Filter/SM-5”, shown below. This CSM creation dataset automatically creates the SM from the design 
system “Pitch Hinf Design Model with TVC and Alpha-Filter”. It includes the input and output definitions of 
the uncertainties, the disturbances, control inputs, criteria outputs, measurements, and the corresponding 
performance optimization gains. It is processed by Flixan in batch to generate the 9-matrices Synthesis 
Model. 
 

 

 
 
  



To process the input file in batch mode, go to “Edit/Process Input Data Files”, select the project directory 
and the input datafile management dialog comes up, shown below. From the left menu select the input file 
“LV_HighQ.inp” and click on “Select Input File”. From the menu on the right select the second batch set that 
creates a new SM and it is the second title in that menu, and click on “Process Input Data” button to 
process the input file. This will also create the state-feedback gain Kqhi.  
 

 
 



1.6 Systems File 
 
Some sections of the Systems File: “LV_HighQ.Qdr” are shown below. The file includes the H-Infinity SM, 
the TVC Matrix, the augmented design system and the state-feedback gain. 

 

 



 

 



 

 



 
The scaling gains of the excitation inputs and performance criteria outputs are included on the right side, 
next to the corresponding variables. Below is the (16x3) TVC matrix. 
 

 
 
  



The following is the augmented pitch design system that includes the 4th order alpha-filter and the theta-
integrator. 
 

 



 
The (1x8) pitch state-feedback gain matrix Kqhi which is calculated by the H-Infinity algorithm is included at 
the bottom of the systems file. 
 
1.7 Designing the H-Infinity State-Feedback Controller 
 
We will now use the SM to design the H-infinity controller interactively. We can also do it in batch mode by 
processing the batch datasets. Run again the H-infinity design program and from the main menu select the 
second option to read and process the SM which is already in file. From the next menu select its title. There 
is only one SM, and click on “Select”. 

 

 



 

 
 
The program confirms that the SM meets the expected observability and controllability requirements and 
displays the SM matrices graphically in system form in the dialog below. The 9 SM matrices appear color 
coded and the scaling gains that scale the disturbances and the criteria are also shown in the inputs and 
outputs. The A-matrix consists of 8 states. There are 6 uncertainty inputs (which have already been scaled 
to correspond to ±unity ∆ and don’t need scaling gains), 2 external disturbances, 1 command for a 
regulated output, 8 measurements noise inputs which are set to zero (black), and one pitch control input 
(dQ). We also have 6 uncertainty outputs (always the same as the uncertainty inputs), 7 performance 
criteria outputs, 1 criterion for the regulated output error, 1 control utilization criterion that penalizes the 
control magnitude, and 8 measurements which are also the state-vector because C2 is the identity matrix. 
 



 
Select the third option from the main menu to design the H-infinity controller, and click “Select”. The 
program confirms that the solution is a state-feedback gain rather than dynamic. 

  
 
Now we begin the iterative process of minimizing the upper bound γ of the infinity norm of the sensitivity 
transfer function between the disturbance inputs and the output criteria. We begin with an arbitrary large γ 
upper bound and try to find the smallest γ that will not violate the algorithm requirements. After 2-3 
iterations we find that γ=44 (dB) works and we click on “No” meaning that we do not want to try another 
value but to accept the current controller. 



 

 
 
Figure-7 shows the closed-loop system poles with the control loop closed as in Figure-5, between the 
control inputs (uc) and the measurements (ym) via the state-feedback gain Kqhi. They are all stable as 
expected. We immediately notice that the control system has two complex pairs of poles near the 
disturbance frequency range. The green line corresponds to damping ζ=0.707 and the red line to ζ=0.01. 
They are used for damping reference. We return to the H-infinity main menu and at this point we can save 
the controller gain by clicking on “Save the H-infinity Controller in Systems File (x.Qdr)”. 
 

 
Figure 7 Closed-Loop System Poles 

 



1.8 Control Analysis 
 
We begin the control analysis by running the initialization file “init.m” which loads the vehicle systems, the 
TVC matrix and the H-infinity derived state-feedback gain from file “Kqhi.Mat”. We will use Matlab to 
analyze the control system stability and sensitivity to wind-gust disturbances and then analyze the system 
robustness to uncertainties. We have 6 parameter uncertainties in the pitch model. The analysis files are in 
directory “Flixan\Control Analysis\Hinfinity\Examples\Launch Vehicle Design & Analysis\1-LV Gust Robust 
Design, Uncs, State-Feedback”. In the analysis we will use Simulink models that include the augmented 
pitch system “Pitch Hinf Design Model with TVC and Alpha-Filter” loaded from file “vehi_pdes”.  
 

 
 

 

Figure 8 Stability Analysis Model in Simulink File “Open_Loop_1.slx” 

 
Figure 8 shows the stability analysis model in file “Open_Loop_1.slx” that is used to calculate the open-loop 
Bode and Nichols plots. Sensitivity to gusts is analyzed using the closed-loop model “Sensitivity.slx”, shown 
in Figure-9, which includes the same system from file “vehi_pdes.m”. The gust disturbance input is scaled 
by multiplying it with the maximum expected wind-gust velocity which is 25 (feet/sec) and its output which 
is alpha dispersion is scaled by dividing it with the maximum allowed α angle, which is 4° or 0.07 (rad). The 
peak of the scaled sensitivity transfer function should, therefore, be less than 1 in order to satisfy the 
expected performance.  
 
The script file “freq.m” shown below calculates the Nichols and Bode plots and also the Sigma plot of the 
sensitivity function. Figures 10 shows the open-loop Bode plot which has a big double resonance at the 
disturbance frequencies. The cross-over frequency is at 5 (rad/sec). Figure 11 shows the Nichols plot, the 
two resonances produced by the filter and the gain and phase margins. 
 



 

 

Figure 9 Sensitivity Analysis Model in File: “Sensitivity.slx” 

 

Figure 10 Open-Loop Bode Plot 



 

Figure 11 Nichols Plot Showing the Double Resonance and the Phase/ Gain Margins 

Figure 12 shows the Sensitivity function calculated between the wind-gust velocity input and the angle of 
attack dispersion. The input and output of the transfer function are scaled as shown in Figure 9. The 
magnitude of the SV plot is less than one at all frequencies, as expected. In addition, the alpha-filter 
produces a further 20 (dB) dip in the sensitivity at the anticipated frequency range of the gust disturbances 
which is between 0.6 and 0.9 (rad/sec).  
 
The two filter modes which are excited by the angle of attack behave like a counter-resonance against the 
disturbance. With the proper selection of feedback gains from states x1 to x4, which are obtained from the 
H-infinity solution, the filter modes are reducing the loading effects of the disturbance against the 
structure. Sensitivity is reduced by tuning the vehicle to oscillate at the disturbance frequency by turning 
against the oscillatory disturbance and thus minimizing α, as we shall see in the simulation. 



 

Figure 12 Sensitivity Function Between Gust Velocity and Angle of Attack 

 

1.9 Robust Performance 

We already proved from the Nichols charts that nominal stability is good. We also satisfy performance 
requirements regarding aero-loading with respect to wind-gusts. But can we satisfy both stability and 
performance when we have variations in some of the vehicle parameters? To answer that we need to 
analyze the system’s robust performance. The control system satisfies robust performance criterion when 
the Structured Singular Value (SSV or µ) of the closed-loop system from (the 6 uncertainty inputs plus 
Vgust) to (the 6 uncertainty outputs plus alpha dispersion) is less than one at all frequencies. It should be 
less than one because the system is already normalized relative to the uncertainties block ±∆, and also 
between Vgust and alpha, as already described. Robust Performance is calculated using the Simulink model 
“Robust-Performance.slx”. It has the control loop closed and it is configured as shown in Figure-13 to 
perform this operation. The Matlab script “Run_Robust_Performance.m”, shown below, calculates the 
system SSV frequency response between the combined inputs and the combined outputs and it has a 
magnitude less than 1 at all frequencies which means that robust performance is satisfied, as shown in 
Figure-14. 



 

Figure 13 Robust Performance Analysis Model “Robust_Performance.slx” 

 



 
Figure 14 SSV Frequency Response Proves that the System Satisfies Both: Performance and Robustness to Uncertainties 

 

1.10 Simulations 

At high dynamic pressures the command following capability of the FCS is slow because the load-relief 
system is preventing aero-loading, plus the vehicle is not expected to be maneuvering during high dynamic 
pressures which lasts only 15-20 sec. The vehicle at high-Q maintains a steady or very slowly changing 
attitude relative to the wind. It should be able, however, to track small commands from guidance even at a 
very slow rate. Figure 15 shows the attitude response to a step attitude command. The α−filter causes an 
oscillatory transient but the attitude eventually converges to the command. 

The effect of the disturbance filter is shown in Figure-16 where the vehicle is excited by an external 
oscillatory wind-gust disturbance of 0.75 (rad/sec) frequency. The top case includes the alpha-filter and the 
bottom case is without it. When the filter is included, the vehicle responds to the oscillatory wind-gust by 
turning towards it and thus reducing the alpha oscillation to an amplitude of 0.002 (rad). In the second case 
without the filter the oscillation is significantly higher at 0.011 (rad). 



 

Figure 15 Attitude Response to a Step Attitude Command 

 

Figure 16 Alpha Response to a 0.75 r/s Oscillatory Wind-Gust Disturbance, With and Without the Alpha-Filter 



2. Coupled Axes Analysis with Slosh and Flexibility 
 
The preliminary state-feedback pitch design presented in Section 1 must now be analyzed with a coupled 
axes vehicle model that includes slosh and structural flexibility. Since our vehicle is cylindrical, the yaw 
dynamics and control system are identical to the pitch axis and we will include roll control. We will analyze 
stability in each axis, sensitivity to wind-gust disturbances and calculate the control system’s response to 
attitude commands, as before. We will also calculate the control system’s robustness to some parameter 
uncertainties. Detailed TVC actuator models will be included to drive the engine gimbals (2 per engine a 
total of 16 actuators). The analysis files are in directory “Flixan\Control Analysis\Hinfinity\Examples\Launch 
Vehicle Design & Analysis\2-LV Flex, Slosh Analysis, Uncs, State-Feedback”. The Flixan data are in file: 
“LV_Anal-T85.Inp” and the systems and matrices are saved in file: “LV_Anal_T85.Qdr”. 
 
2.1 The Input File 
 
The input data file “LV_Anal_T85.Inp” is shown below. It begins with a batch dataset for processing the 
entire file in batch mode. It consists of the vehicle model “First Stage Vehicle Analysis Model, T=85.0 sec” 
which includes two slosh modes and TWD dynamics. It is also combined with the modal data set “First 
Stage Flex Modes 60% Full Tanks” which is located at the bottom of the file. The modes have already been 
preselected, scaled and ready to be combined with the vehicle data. The vehicle also includes parameter 
uncertainties. An uncertainties dataset is included below the vehicle data that contains parameter 
variations from nominal values. Its title is “Uncertainties for First Stage Max-Q” and it contains 38 
parameter variations. The uncertainties will later be split into 19 pitch and 19 lateral variations. There is a 
mixing logic dataset “Mixing Logic for First Stage Analysis Model, T=85.0 sec” that creates the TVC matrix 
from vehicle data. There is also an actuator dataset that contains actuator parameters for the 8 gimbaling 
engines, two actuators per engine. It is a “Simple Generic-B” type of actuator and its title is “Stage-1 Linear 
Actuator”. The Flixan generated flex vehicle model with slosh and uncertainties is then exported into a 
Matlab file “vehicle_t85.m” and loaded into Matlab together with the TVC and actuator. 

  



 
In addition to slosh, TWD, uncertainties and flexibility, the vehicle model includes 3 rate-gyros and 2 accelerometers 
that measure rigid and flex motion. 



 
 
There are uncertainties in the moments of inertia, Xcg location, alpha, beta, dynamic pressure, aero coefficients and 
derivatives, slosh masses, slosh frequencies, damping, x-location, bending mode frequencies and damping 
coefficients. 
 

 



 

The figure above shows the actuator frequency response. It has a bandwidth of 30 (rad/sec). The mode at 
210 r/s is caused by the combined backup structure, load, and shaft stiffnesses. The modal data for the first 
two pitch and yaw vehicle bending modes are shown below. Each frame includes frequency, damping and 
modal mass. Nodes are included at the 8 peripheral engine gimbals, gyro and accelerometer locations, and 
at the two slosh masses.  



 

  



2.2 Processing the Input Data File in Batch 

We will now process the input file in batch mode by 
running the batch dataset located at the top of the file. 
Start the Flixan program and select the project 
directory: “Flixan\Control Analysis\ Hinfinity\ 
Examples\Launch Vehicle Design & Analysis\ 2-LV Flex, 
Slosh Analysis, Uncs, State-Feedback”. From the main 
menu select “File Management”, “Managing Input 
Files”, and then “Edit/ Process Input Data Files”, as 
shown below. 
 
The following dialog comes up that includes two 
menus. The menu on the left side shows the input data 
files in the project directory. There is only one in this 
case. Highlight it and click on “Select Input File” button. 
The menu on the right shows the datasets which are in 
the input file. Select the batch set which is at the top of 
the list and click on “Process Input Data”. 

 
 
In the following question, answer “Yes”, which is okay to delete the old systems file and recreate it. The 
batch executes and creates the systems and matrices that can now be loaded into Matlab. 



  



2.3 Loading the Files into Matlab 

The Matlab script file “Init.m” loads the vehicle, TVC matrix, alpha-filter and the actuator models into 
Matlab. It also loads the control gains matrix that was calculated in section-1. 

 

 
Figure 17 Initialization File and the State-Feedback Gain Matrix 

2.4 TVC Matrix 
 
The TVC matrix converts the roll, pitch and yaw FCS demands to gimbal deflections that command the 16 
actuators (8-pitch and 8-yaw commands). It is calculated by the Flixan Mixing-Logic algorithm based on TVC 
thrust, max gimbal deflection, and gimbal geometry relative to vehicle CG. 

 
Figure 18 The TVC Converts the Roll, Pitch and Yaw Demands to Gimbal Deflection Commands 

2.5 Control System 

The flight control system is shown in Figure-19. The pitch and yaw axes are identical and roll is a simple PD 
controller. The pitch and yaw controllers are (1x8) state-feedback. The first four states are vehicle states: 
attitude θ, pitch rate q, angle of attack α, and θ-integral. The other four states come from the 4th order 
alpha-filter which is implemented as a separate block. Low-pass filters and notch filters are included to 
attenuate the flex modes. It is the alpha-filter that provides disturbance attenuation at 0.6 to 0.9 (rad/sec). 



 
Figure 19 Flight Control System 

 
2.6 Stability and Sensitivity Analysis 
 
The open-loop Simulink model “Open_Loop_2.slx” in Figure 20 is used for analyzing stability, one loop at a 
time with the other two loops closed. It includes the vehicle, 16 actuators, the TVC matrix, and the control 
system of Figure 19. The vehicle system includes: slosh, structural flexibility, tail-wags-dog dynamics and 
load-torque feedback between the engine gimbals and the actuators. The file “freq.m” below uses the 
open-loop model to calculate the Bode and Nichols plots and analyze stability in pitch, yaw and roll, as 
shown in Figures 22 & 23. Figure 21 is the closed-loop sensitivity analysis model “Sensitiv_2.slx”. It consists 
of the same elements and it is used to analyze the control system’s sensitivity to wind-gust disturbances 
using Singular Value (Sigma) frequency response plots. The sensitivity model is normalized to unity. The 
gust velocity input is scaled by the largest wind-gust velocity 25 (ft/sec). The wind direction is defined in the 
input data to excite both pitch and yaw axes. The output consists of both (α & β) angles and is divided by 
the maximum allowed angles, which is 4°. 
 

 



The Sensitivity Function: (α,β)/Vgust is shown in Figure 24. Its magnitude is less than one at all frequencies 
and it has a dip at 0.6 – 0.9 (rad/sec), as expected, created by the α,β-filters. 
 

 
Figure 20 Coupled, Pitch and Lateral Model Used for Stability Analysis “Open_Loop_2.slx”  

 
Figure 21 Scaled Sensitivity Analysis Model “Sensitiv.slx” 

 



 
Figure 22 Pitch and Yaw Stability Analysis 

The two slosh modes at 4.1 and 4.5 r/s are phase-stable. The first bending mode in pitch and yaw is strong 
but also phase-stabilized with the low-pass filter. An unstable mode at 66.8 r/s was notched with filters. 
The alpha-filter produces 2 strong resonances at 0.7 and 0.86 r/s. 
  



 

 
Figure 23 Roll Axis Stability Analysis 
  



 

Figure 24 Normalized Sensitivity Function Between Gust Disturbance and (α, β ) Output 

 
2.6 Robustness to Uncertainties 
 
The closed-loop Simulink model “Robust_Perform.slx” in Figure 25 is used to analyze Robust Performance 
which is the control system ability to satisfy both: robustness and good performance, which in this case is, 
to remain stable in the presence of structured uncertainties and to simultaneously satisfy sensitivity to 
wind-gusts. The inputs and outputs of this model are uncertainties. That is, inputs and outputs that connect 
to the uncertainties block ∆. There are 38 uncertainties which have been separated into 19 pitch and 19 
lateral variations because the pitch variations affect only the pitch axis and the lateral affect only yaw and 
roll. They are already normalized for a unity block where the parameters vary ±1. So, we analyze pitch and 
lateral robustness separately by modifying the Simulink model, pitch robustness using the pitch i/o 
connections (as shown in Fig.25) and lateral robustness using the lateral i/o uncertainties. The model 
includes one additional i/o pair for analyzing sensitivity to gusts: the gust velocity input and alpha output, 
normalized to unity as already described. The system satisfies robust performance criterion when the 
Structured Singular Value (µ) of this system from the 19 uncertainty inputs plus Vgust to the 19 uncertainty 
outputs plus alpha, is less than one at all frequencies. The Matlab script “Run_Robust.m” performs this 
operation and calculates the SSV frequency response using the 19 variations which affect pitch in this case, 
and µ < 1 at all frequencies, as shown in Figure-26, which satisfies the requirement. 



 

Figure 25 Robust Performance Analysis Model “Robust_Perform.slx” Configured for Pitch Analysis 

For lateral robust performance analysis, we must modify the model input by disconnecting the “Demux” 
second output from pitch uncertainty inputs and connecting it to the second input of the “Split” block 
which is the yaw uncertainty inputs. The “Delta-out” output must also be disconnected from the top “Mux” 
and be connected to the bottom “Mux” which selects the beta angle and the yaw uncertainty outputs. 



 

Figure 26 The Pitch System Satisfies Robust Performance Because the SSV between the 20 Inputs and the 20 
Outputs Described is Less than 1, at All Frequencies 

  



2.7 Simulation Model and Results 

The closed-loop Simulink model “Simulat_2.slx” in Figure 27 is used to perform time-slice simulations. The 
inputs are either (roll, pitch, yaw) attitude commands or wind-gust velocity disturbance in (feet/sec). 

 

Figure 27 Time-Slice Simulation Model “Simulat_2.slx” 

 

Step Attitude Command:  

Figures 28 show the response of the system to simultaneously applied unit step attitude commands in roll, 
pitch and yaw. Pitch and yaw attitudes converge slowly towards the commanded values because they are 
being prevented by a strong load-relief feedback from the angles of attack and sideslip. Slosh is excited by 
the maneuver but it is phase-stable and it gets damped out fast by gimbaling. 



 



 

Figure 28 Response to Unit Step Attitude Command in Roll, Pitch and Yaw Together 

 

Response to Sinusoidal Wind Disturbances: Figures 29 shows the effect of the (α,β)-filter to counteract 
external disturbances. The system is excited with an oscillatory wind disturbance consisting of frequencies 
between 0.65 to 0.85 r/s. The left side shows the response of the system without the filter and the right 
side shows the response of the system to the same disturbance with the filter included. The alpha loading 
without the filter is 5 times greater than what it is with the filter. Also, the gimbal deflections are almost 
twice as big without the filter. Notice also how the vehicle oscillates at twice higher rate and amplitude 
with the filter, even though α & β are smaller. It is because the system is maneuvering more by turning 
towards the oscillatory wind and thus reducing α & β. This however requires fast control and the limiting 
factors are the actuator bandwidth and the first flex mode. 



 
Figure 29 System Response to an Oscillatory Wind Disturbance, With and Without Filter 



3.0 Rigid Body Design Using Accelerometer Feedback 
 
In Section-1 we presented a state-feedback control design using attitude, rate and angle of attack. The 
alpha and beta states, however, are not always directly measurable and the nearest variables that can be 
used for load-relief feedback are the normal and lateral accelerometer measurements (Nz & Ny). The 
problem is that the Nz and Ny measurements are not members of the state-vector, and therefore, we 
cannot apply state-feedback in this case and we will need a state estimator. The input file in this example is 
“LV_Estimator.Inp”, and it is located in directory “Flixan\Control Analysis\Hinfinity\Examples\Launch 
Vehicle Design & Analysis\ 3-LV Gust Robust Design, Uncs, Output-Feedback”. The rigid vehicle model is 
“First Stage Analysis Model, T=85.0 sec”, the same as in Section-1. 

 

 
Figure 30 The Augmented Design System “Pitch H-inf Design Model with TVC and Nz-Filter” Includes the 4th Order 
Filter and Theta Integrator, Shown as a Combined State-Space System Below. 

  



3.1 Creating the Design System and the Control Synthesis Model for H-Infinity 

We begin by creating the pitch design system and augmenting it by adding the θ-integrator, and the 4th 
order filter, as we did in Section-1. However, the input to the filter now is the Nz acceleration, as shown in 
Figure 30a, and we call it “Nz-Filter”. The filter amplifies the accelerometer measurement Nz in the 
frequency range of the disturbance: 0.6 to 0.9 (rad/sec) and the θ-integral improves the attitude tracking.  

The augmented vehicle design system includes the TVC and it has 8 states: pitch attitude θ, body rate q, 
angle of attack α, θ-integral, and the 4 filer states. The normal acceleration Nz is included in the outputs. 
Similar to Section-1 the inputs and outputs include 6 i/o connections with the uncertainty block ∆. The 
augmented design system is shown combined in Figure-30b which includes the Flixan generated system 
title: “Pitch Hinf Design Model with TVC and NZ-Filter”. This system will be used to create the Synthesis 
Model that will be used by the H-infinity algorithm. It is an interactive process of manually selecting the 
control and disturbance inputs and the criteria and measurement outputs and placing them in categories, 
as we shall see.  

The SM is saved in the systems file “LV_Estimator.Qdr”. Its title is “Pitch Hinf Design Model with TVC and 
NZ-Filter/SM-3”. Figure-31 shows the Synthesis Model P(s) in block diagram form. It has 3 sets of input/ 
output vector pairs. The first set (wp and zp) are fictitious inputs and outputs that connect to the plant 
uncertainties that have been extracted to a block ∆. The B1 and C1 matrices of P(s) have already been scaled 
to match with the ∆ block where each uncertainty element δi varies between ±1. The inputs wp are treated 
as disturbances and the outputs zp are included in the optimization criteria. The second input/ output set 
(w and z) are the actual external disturbances and performance criteria outputs. They are the wind-gust 
velocity (Vgust) and the angle of attack variation (α) respectively. The last set of I/O’s are the measurement 
outputs (ym) and the P(s) inputs (uc) that connect with the dynamic control system K(s).  

 
Figure 31 Synthesis Model 

  



The SM used in the H-infinity design is shown in detail in Figure-32. It has 8 states, and it consists of 9 
matrices and two sets of performance optimization gains. The gains are adjusted to satisfy control system 
bandwidth, stability, robustness and sensitivity to disturbances. In this design the measurements noise 
gains are not zero. The measurement noise in Section-1 was zero because we used state feedback. The 
matrix C2 is no longer the identity matrix which requires a dynamic controller K(s) that uses output 
feedback instead of state feedback. The control system is saved in the systems file and its title is: “H-Infin. 
Control for Launch Vehicle Output-Feedback System”.  

 

 

Figure 32 Synthesis Model in System Form with Performance Optimization Gains 

  



3.2 Input File 
 
The input file in this design is “LV_Estimator.Inp”. It contains the datasets used by the Flixan program to 
create the vehicle systems, matrices and the control system. It is similar to Section-1 file except that the 
accelerometer output is now used to drive the Nz-filter instead of alpha. The batch set can be used process 
the entire file in batch mode. There is a vehicle dataset “First Stage Analysis Model, T=85.0 sec” that 
generates the rigid vehicle system. A mixing logic dataset that creates the TVC matrix. The theta integrator 
and Nz-filter are implemented in transfer-function form and saved as state-space systems. The TVC matrix 
is then combined with the vehicle system to create the full axes system “Design Model with TVC”. The pitch 
subsystem is extracted from the full system and saved in “Pitch Design Model with TVC”. The pitch system 
is then augmented by including the Nz-filter and the θ-integrator, as shown in Figure-30a. Its title is “Pitch 
H-inf Design Model with TVC and Nz-Filter” also shown compact in Figure-30b. From this system we create 
the Synthesis Model: “Pitch Hinf Design Model with TVC and NZ-Filter/SM-3” by means of an interactive 
process by selecting inputs, outputs and gains as will be described in Section 3.3. The SM is also created in 
batch via the CSM creation dataset “Pitch Hinf Design Model with TVC and NZ-Filter/SM-3”. 

 

 



 

The Nz-filter above consists of two resonances which are excited from the Nz accelerometer output in order to 
amplify the frequencies between 0.6 to 0.9 (rad/sec) that is where the disturbances occur. The resonance states are 
optimized by the H-infinity algorithm which creates a control logic that attenuates excitations in that frequency 
range. The integrator is used to create the θ-integral state. 



The interconnection dataset below combines the vehicle system with the TVC matrix to create a full axes 
system. The next dataset creates a reduced system “Pitch Design Model with TVC” by extracting only the 
pitch variables. 

 
 



 
This dataset above combines the pitch design model with the Nz-filter and the theta-integrator to create 
the augmented pitch design model that will be used to create the Synthesis Model. 
 
  



The dataset below is used in batch mode in order to generate the SM from system “Pitch Hinf Design Model 
with TVC and NZ-Filter”. It defines which inputs are controls and which ones are disturbances. Also, which 
outputs are measurements and which ones are criteria to be optimized by H-infinity. It includes also the 
performance adjustment gains. The SM is saved in the systems file “LV_Estimator.Qdr” under the title 
“Pitch Hinf Design Model with TVC and NZ-Filter/SM-3”. 
 
The next dataset performs the H-Infinity design. Its title is: “Pitch H-Infinity Output-Feedback Control 
Design” and it is using the SM “Pitch Hinf Design Model with TVC and NZ-Filter/SM-3” which is already in 
the systems file: “LV_Estimator.Qdr”. It creates the H-infinity dynamic control system “H-Infin. Control for 
Launch Vehicle Output-Feedback System” which is also saved in the systems file. The upper bound gamma 
parameter is set to γ= 66 (dB). Values smaller than γ=64 (dB) violate the algorithm criteria.  

The following Matlab conversion datasets convert the Flixan generated systems and matrices from file 
“LV_Estimator.Qdr” to m-files and mat-files that can be loaded into Matlab for control analysis. 

 

 
  



3.3 Creating the Synthesis Model Interactively 
 
We will now show how to generate the Synthesis Model in the systems file interactively. A CSM creation 
dataset is also saved in the input file that can be used to recreate the SM later in batch mode. The SM 
consists of 9 matrices and it includes vehicle dynamics and performance optimization parameters. It 
separates the inputs into controls and disturbances, and some of the inputs can be both. It also separates 
the outputs into measurements and optimization criteria, and some outputs can also be both. The 
performance adjustment gains define the trade-off between performance, sensitivity, robustness and 
stability margins that must be optimized by the H-infinity algorithm. The program uses interactive menus 
where the user defines which inputs are disturbances and which ones are controls. Also, which outputs are 
criteria to be optimized and which ones are measurements. This example is slightly different from the one 
in Section-1 because some of the measurements are not in the state-vector and we will require a state 
estimator. We begin by running the H-infinity design program and selecting the first option to create the 
SM. Use the menus to select the systems filename and the augmented design system. 
 

  

 



 
The SM will be created from the augmented design system “Pitch Hinf Design Model with TVC and NZ-
Filter”, by selecting and grouping some inputs and outputs using menus. In the next dialog use the left and 
right menus to select the 6 parameter variation pairs that connect with the uncertainty ∆ block. They will 
be treated like disturbances and criteria outputs as described in the IFL method. Click on “Select”. 

 
 
The next menu is for defining external disturbance inputs. The first two inputs are selected as disturbances. 
That is, the wind-gust velocity and noise at the control input DQ_tvc. Select one at a time, and click on 
“Enter Selects” to continue. 

 



The next menu is for selecting the control inputs. There is only one control input, the pitch demand dQ to 
the TVC matrix. Select it and then click on “Enter Selects” to continue. 

 
The design system has several outputs. We will include only 7 outputs to be optimized which are also state 
variables. That is, the pitch attitude θ, the angle of attack α, θ-integral, and the four filter states, x1 to x4.  
Select one at a time and then click on “Enter Selects” to continue.  

 
In this design we have one output that will be regulated by command. In the next menu select the 
commanded output, which is the pitch attitude, and then click on “Enter Selects”.  

 



 
The next menu is used for selecting the output measurements. Select the pitch attitude and rate, the Nz 
acceleration, the θ-integral, and the four filter states x1-x4. Then click on “Enter Selects” to continue. 

 
 
We have now finished defining the input and output variables and we must now enter the gains that will be 
used to scale them. The trade-off between control bandwidth and performance versus sensitivity to 
disturbances, stability and robustness to variations are defined in the optimization process by adjusting 
those gains which are “knobs” that scale the disturbance inputs and the criteria outputs and they can be 
changed in the next design iteration. Initially we don’t know what gains to choose that will produce the 
desired performance, so we begin by scaling the disturbance inputs by entering the maximum magnitudes 
of the expected disturbances in the input gains and for the output gains we enter the maximum allowable 
magnitude at each performance criterion. The control is also included in the criteria outputs and we must 
scale it by entering the maximum amount of control allowed. The measurements noise is also included in 
the disturbances vector and we must enter the maximum noise value at each measurement. The state 
estimator calculation requires the expected amount of noise.  
 
In the dialog below enter the gains that will scale the disturbance inputs, which is the maximum expected 
disturbance at each input. Highlight the input, click on “Select Variable”, enter the noise magnitude, and 
click on “Enter Scale” to accept it, one at a time.  

 



In the dialog below enter the biggest expected magnitude of the control input. Click on “Enter Scale” and 
the value appears in the display next to the variable label. Then click on “Okay” to go to the next dialog.  
 

 
 
The next dialog is used for entering the noise at the 8 measurements. The pitch attitude integral is also 
included in the measurements and the four filter states: x1 to x4. Select one variable at a time, enter the 
noise magnitude and click “Ener Scale”. When you finish, click “Okay” to go to the next dialog. 
  

 
 
  



The next dialog is used to enter the gains at the performance optimization criteria. That is, the maximum 
acceptable magnitude of the performance outputs: pitch attitude θ, angle of attack α, θ-integral, and the 4 
filter states. Reducing the gain value at a performance output improves performance and reduces 
transients of the corresponding variable, at the expense of bigger control. Select one variable at a time, 
enter the gain and click on “Enter Scale”. When you finish click on “Okay” to go to the next dialog. 

 

We must also enter a gain for the max error (zre) of the regulated output, click on “Enter Scale” and then 
click on “Okay”.  

 

  



The last dialog is used for entering the maximum magnitude of the pitch control because the control is also 
included in the optimization criteria in order to penalize it. Enter the gains as before and click on “Okay”. 

 

The performance optimization gains define the control system design requirements. If we increase the 
control scaling gain, we are telling the algorithm to allow more control which results in bigger bandwidth 
and faster system performance. If we increase the gains in the criteria, we are allowing bigger dispersions 
which produces a more sluggish response in the corresponding variable. Finally enter a short label that will 
appear at the end of the SM title in the systems file. 

 

Typically, several iterations are needed to converge to the desired trade-off between performance versus 
robustness. A simple, preliminary simulation model is often needed to evaluate the design. If we find that 
we are using too much control, we must reduce the corresponding control gain in the performance criteria 
output and repeat the design. If a regulated output such as vehicle attitude doesn’t converge to its 
commanded value fast, the gain of the corresponding attitude criterion must be reduced. 
 
 
 



3.4 Systems File 
 
Some sections of the Systems File: “LV_Estimator.Qdr” are included below. The file includes the H-Infinity 
SM, the TVC Matrix, the augmented design system and the derived H-infinity control system. 

 



 

 



 

 



 

 



 

 

 



 



 

 
 
The 8th order, H-Infinity derived output-feedback control system is included at the bottom of the systems 
file, as shown above. Its title is “H-Infin. Control for Launch Vehicle Output-Feedback System”. 
 
 
  



3.5 Designing the H-Infinity Dynamic Controller Interactively 
 
We may now use the SM to design the H-infinity controller interactively. This can also be done in batch 
mode by processing the batch dataset. Start the H-infinity design program, select the project directory and 
systems file “LV_Estimator.Qdr”, and from the H-infinity program main menu select the second option to 
read and process the SM which is already in file. From the next menu select its title, and click on “Select”. 

 

 

 
 
The program confirms that the SM satisfies the observability and controllability requirements and displays 
the SM matrices graphically in system form. 



 

 
 
The 9 SM matrices appear color coded and also the scaling gains that scale the disturbances and the 
criteria. The A-matrix consists of 8 states. There are 6 uncertainty inputs (wp), 2 external disturbances (w), 1 
command for a regulated output, 8 measurements noise inputs, and one control input (uc). We also have 6 
uncertainty outputs (zp), 7 performance criteria (z), 1 criterion for a regulated output error (zre), 1 criterion 
for monitoring the control utilization performance, and 8 measurements (ym). 
 



Select the third option from the main menu to design the H-infinity controller, and click “Select”. The 
program confirms that the solution is an output feedback which also produce a dynamic estimator. 

  
 
Now we begin the iterative process of minimizing the upper bound γ of the infinity norm of the sensitivity 
transfer function between the disturbance inputs and the output criteria. We begin with an arbitrary large γ 
upper bound and try to find the smallest γ that will not violate the algorithm requirements. After few 
iterations we find that γ=65 (dB) works and we click on “No” meaning that we do not want to try another 
value but to accept the current controller. 

 

 
 
Figure-33 shows the control system poles with the loop closed via the dynamic controller K(s) as in Figure-
31. They are all stable as it should be expected. Note, that we have twice as many poles in comparison with 
Section-1 because of the estimator states, which were obtained using state-feedback. We now have four 
complex pairs of poles near the disturbance frequency range. The lines are used for damping coefficient ζ 
reference. The green line corresponds to ζ=0.707 and the red line to ζ=0.01. We return to the H-infinity 
main menu and we can save the controller gain by clicking on “Save the H-infinity Controller in Systems File 
(x.Qdr)”. 
 



 
Figure 32 Closed-Loop System Poles 

 
  



3.6 Control Analysis 
 
We begin the control analysis by running the initialization file “init.m” which loads the vehicle systems, the 
TVC matrix and the H-infinity control system that was saved in file “control.m”. We will use Matlab to 
analyze the control system stability and sensitivity to wind-gust disturbances and then analyze the system 
robustness to uncertainties. The analysis files are in directory “Flixan\Control Analysis\Hinfinity\Examples\ 
Launch Vehicle Design & Analysis\3-LV Gust Robust Design, Uncs, Output-Feedback”. In this analysis we will 
use simple Simulink models that include the augmented pitch system “Pitch Hinf Design Model with TVC 
and NZ-Filter” which is loaded from file “vehi_pdes”.  
 

 

 

Figure 33 Pitch Stability Analysis Simulink Model in File “Open_Loop_3.slx” 

Figure 34 shows the pitch stability analysis model in file “Open_Loop_3.slx” that is used to calculate the 
open-loop Bode and Nichols plots. It includes the system “Pitch Hinf Design Model with TVC and NZ-Filter” 
from file “vehi_pdes.m” which includes 6 parameter uncertainties for robustness analysis. Most of the 
control system inputs are also state variables. However, the Nz acceleration is used this time for feedback 
instead of alpha. A low-pass filter is also included to attenuate high frequencies. Sensitivity to gusts is 
analyzed using the closed-loop model “Sensitiv_3.slx”, shown in Figure-35, which includes the same vehicle 
system. The wind-gust input is scaled by multiplying it with the maximum expected gust velocity which is 25 
(feet/sec) and the α-output is scaled by dividing it with the maximum allowed α dispersion angle, which is 
4° or 0.07 (rad). The peak of the scaled sensitivity transfer function should, therefore, be less than 1 at all 
frequencies in order to satisfy good performance.  
 
The script file “freq.m” shown below calculates the Nichols and Bode plots, and also the Sigma plot of the 
sensitivity function. Figure 35 shows the open-loop Bode plot that has a big double resonance at the 
disturbance frequencies: 0.6 to 0.9 r/s. The cross-over frequency is at 4.5 (rad/sec). The Nichols plot in 
Figure 36 shows the two resonances produced by the filter and the gain and phase margins. 



 

Figure 34 Sensitivity Analysis Model in File: “Sensitiv_3.slx” 

 

Figure 35 Open-Loop Bode Plot 



 

Figure 36 Nichols Plot Showing the Double Resonance and the Phase/ Gain Margins 

 
Figure 37 shows the sensitivity function calculated between wind-gust velocity input and the angle of attack 
dispersion from nominal α. The system’s input and output are scaled as shown in Figure 35. The magnitude 
of the SV plot is less than one at all frequencies, as expected. The Nz-filter produces an additional 25 (dB) 
sensitivity dip at the disturbance frequency range between 0.6 to 0.9 (rad/sec).  
 
The two filter modes which are excited by the normal acceleration act like a counter-resonance against the 
disturbance. With the proper selection of feedback gains from states x1 to x4 which are obtained from the 
H-infinity solution, the filter modes are reducing the loading effects of the disturbance against the 
structure. Sensitivity is reduced by cycling the vehicle attitude towards the oscillatory wind disturbance and 
thus reducing the structural loading as we shall see in the simulation. 
 



 

Figure 37 Sensitivity Function Between Gust Velocity and Angle of Attack 

 

3.7 Robust Performance 

We have already proven that closed-loop stability is nominally stable, see the 
eigenvalues on the right. We can also satisfy performance requirements 
regarding aero-loading with respect to wind-gusts. But can we satisfy both 
stability and performance when we have variations in some important 
parameters? To answer that we need to analyze robust performance. The 
system satisfies robust performance criterion when the (SSV or µ) of the closed-
loop system from: (the 6 uncertainty inputs plus Vgust) to (the 6 uncertainty 
outputs plus alpha) is less than one at all frequencies, assuming that it is already 
normalized with respect to the uncertainties block ∆, and also between Vgust 
and alpha. Robust Performance is calculated using the Simulink model “Robust-
Perform_3.slx” shown in Figure-38. The Matlab script “Run_Robust.m” below 
performs this operation and calculates the SSV frequency response which is less 
than 1 at all frequencies as shown in Figure-39. 



 

Figure 38 Robust Performance Analysis Model “Robust_Perform_3.slx” 

 



 
Figure 39 SSV Frequency Response Proves that the System Satisfies Both: Performance to Gusts and Robustness 
with respect to Uncertainties 

3.8 Simulations 

At high dynamic pressures the command following capability of the control system is slow because the 
load-relief system is preventing aero-loading and the vehicle is not expected to perform attitude 
maneuvers during that period which lasts only 15-20 sec, but the vehicle maintains a steady or very slowly 
changing attitude relative to the wind. It should be able, however, to track commands from guidance even 
at a slow rate. Figure 40 shows the attitude response to a step attitude command. The Nz-filter causes an 
oscillatory transient but the attitude eventually converges to the command. 

The effect of the disturbance filter is shown in Figure-41, where the vehicle is excited with an external 
oscillatory wind-gust disturbance of 0.75 (rad/sec) frequency. The angle of attack and attitude responses 
are shown, without (left) and with the Nz-Filter (right). When the filter is included, the vehicle responds to 
the oscillatory wind-gust by turning towards it and thus reducing the alpha oscillation from an amplitude of 
0.013 (rad) without filter to 0.002 (rad) with filter. The attitude oscillation amplitude increases from 0.0055 
without filter to 0.02 (rad) with filter in order to maneuver against the wind and reduce the aero-loading. 



 

Figure 40 Attitude and Angle of Attack Response to a Step Attitude Command 

 

Figure 41 Alpha and Theta Response to a 0.75 r/s Oscillatory Wind-Gust Disturbance, Without and With the Nz-
Filter. The Vehicle Maneuverability is Increased with Nz-Filter in Order to Reduce the Aero-Loading 

  



4. Dynamic Controller Analysis with Slosh and Flexibility 
 
The single axis output feedback control design presented in Section-3 will now be analyzed using the 
coupled axes vehicle model which includes slosh and structural flexibility. Pitch and yaw are identical and 
we will also include roll in the dynamic model and analysis. TVC and detailed actuator models are also 
included. We will analyze system stability, sensitivity to wind-gusts and calculate the control system’s 
response to attitude commands and to cyclic disturbances, as before. We will also calculate the control 
system’s robustness to parameter uncertainties. The analysis files are in directory “Flixan\Control 
Analysis\Hinfinity\Examples\LV Design & Analysis\4-LV Flex, Slosh Analysis, Uncs, Nz-Outp-Feedbck”. The 
Flixan data are in file: “LV_Flex_Anal.Inp” and the systems and matrices are saved in file: “LV_Flex-
Anal.Qdr”. 
 
4.1 The Input File 
 
The input data file “LV_Flex_Anal.Inp” is partially shown below. It begins with a batch dataset for 
processing the entire file in batch mode. It includes the same vehicle model “First Stage Vehicle Analysis 
Model, T=85.0 sec” with two slosh modes, TWD dynamics and 15 flex modes from the modal data set “First 
Stage Flex Modes 60% Full Tanks” which is at the bottom of the file. The vehicle also includes uncertainties 
which are defined in dataset “Uncertainties for First Stage Max-Q” containing 38 parameter variations from 
nominal. The uncertainties will be split into 19 pitch and 19 lateral variations. There is a mixing logic dataset 
“Mixing Logic for First Stage Analysis Model, T=85.0 sec” that creates the TVC matrix, an actuator dataset 
“Stage-1 Linear Actuator” that contains actuator parameters for the 8 gimbaling engines, and Flixan to 
Matlab data conversion datasets, as before.  

 



 
 

  



4.2 Processing the Input Data File in Batch 

To process the input file in batch mode we start the 
Flixan program and select the project directory: 
“Flixan\Control Analysis\ Hinfinity\ Examples\ LV Design 
& Analysis\4-LV Flex, Slosh Analysis, Uncs, Nz-Outp-
Feedbck”. From the main menu select “File 
Management”, “Managing Input Files”, and then “Edit/ 
Process Input Data Files”, as shown below.  
 
The following dialog includes two menus. The menu on 
the left side shows the input data files in the project 
directory. There is only one file, highlight it and then 
click on “Select Input File” button. The menu on the right 
shows the datasets which are in the input file. Select the 
batch dataset title which is at the top of the list and click 
on “Process Input Data”. 

 
 
In the following question, answer “Yes”, which is okay to delete and recreate the old systems file. The batch 
executes and creates the systems and matrices that can now be loaded into Matlab. 



  



4.3 Loading the Files into Matlab 

We begin the analysis by running the Matlab script file “Init.m” which loads the vehicle, TVC matrix, 
actuator, Nz-filter and the control system into Matlab. The dynamic controller and the Nz-filter were 
derived in Section-3. The vehicle and actuator models are the same as those used in Section-2. 
 

 
 
4.4 Control System 

The flight control system is shown in Figures (42 & 43). The pitch and yaw controllers are dynamic and 
identical. Their inputs are: attitude, rate and normal acceleration, shown in detail in Fig.43. They include 
the Nz-filter and the integrator. Roll is a simple PD. In Figure 43 we have two slightly different versions of 
the pitch/yaw controller. The 4th order Nz-filter which is designed to provide disturbance attenuation in the 
0.6 to 0.9 (rad/sec) frequency range, is implemented as a separate block. Low-pass and notch filters are 
included to attenuate flex modes. 

 
Figure 42 Roll, Pitch and Yaw Flight Control System 



 
Figure 43 Two FCS Implementations 

In the top version, the output-feedback dynamic controller is used exactly as it was derived in Section-3. 
The inputs are: attitude, rate, acceleration, theta-integral, and the four states x1:x4 coming from the Nz 
filter. In the second version at the bottom we take advantage that 7 out of the 8 plant model outputs and 
controller inputs, are also states. The dynamic controller is separated into an estimator which estimates 
alpha, and a state-feedback gain which is the controller matrix Cc. The 7 measurable states are fed directly 
into the state-feedback gain Cc. The estimator is only used to estimate alpha, the only remaining state that 
is not directly measurable. The results from both implementations are very similar. 
 
  



4.5 Stability and Sensitivity Analysis 
 
The open-loop Simulink model “Open_Loop_4.slx” in Figure 44 is used to analyze stability, as before. It 
includes the vehicle, 16 actuators, the TVC matrix, and the control system of Figure 42. The vehicle system 
includes: slosh, structural flexibility, tail-wags-dog dynamics and load-torque feedback between the engine 
gimbals and the actuators. The file “freq.m” uses the open-loop model to calculate the Bode and Nichols 
plots and analyze stability in pitch, yaw and roll, as shown in Figures 47 & 48. 
 

 

Figure 44 Coupled, Pitch and Lateral Model Used for Stability Analysis “Open_Loop_4.slx”  

Figure 45 is the closed-loop sensitivity analysis model “Sensitiv_4.slx” that is used to analyze the control 
system’s sensitivity to wind-gust disturbances using SV frequency response plots. The sensitivity model is 
normalized to unity by scaling the input and output. The Sensitivity Function: (α,β)/Vgust is shown in Figure 
46. Its magnitude is less than one at all frequencies and it has a dip at 0.6 – 0.9 (rad/sec), as expected, 
created by the accelerometer-filters. 



 
Figure 45 Scaled Sensitivity Analysis Model “Sensitiv_4.slx” 

 

Figure 46 Normalized Sensitivity Function Between Gust Disturbance and (α, β) Output 



 
Figure 47 Pitch and Yaw Stability Analysis 

The two slosh modes at 4.1 and 4.5 r/s are phase-stable. The first bending mode in pitch and yaw is strong 
but also phase-stabilized with the low-pass filter. An unstable flex mode at 66.8 r/s was attenuated with 
notched with filters. The Nz-filters produce 2 strong resonances at 0.71 and 0.86 r/s. 
  



 

 
Figure 48 Roll Axis Stability Analysis  



 
2.6 Robustness to Uncertainties 
 
The closed-loop Simulink model “Robust_Perform_4.slx” in Figure 49 is used to analyze “Robust 
Performance” which is the control system ability to satisfy both: robustness and good performance, which 
in this case is, to remain stable in the presence of structured uncertainties and to simultaneously satisfy the 
sensitivity to wind-gusts requirement. The inputs and outputs of this model are uncertainties. That is, 
inputs and outputs that connect to the uncertainties block ∆. There are 38 uncertainties which have been 
separated into 19 pitch and 19 lateral variations because the pitch variations affect only the pitch axis and 
the lateral affect only yaw and roll. They are already normalized for a unity block where the parameters 
vary ±1. So, we analyze pitch and lateral robustness separately by modifying the Simulink model, pitch 
robustness using the pitch i/o connections (as shown in Fig.49) and lateral robustness using the lateral i/o 
uncertainties. The model includes one additional i/o pair for analyzing sensitivity to gusts: the gust velocity 
input and alpha output, normalized to unity as already described.  
 
The system satisfies the robust performance criterion when the Structured Singular Value (µ) of this system 
from the 19 uncertainty inputs plus Vgust to the 19 uncertainty outputs plus alpha, is less than one at all 
frequencies. The Matlab script “Run_Robust.m” performs this operation and calculates the SSV frequency 
response using the 19 variations which affect pitch in this case, and finding that µ < 1 at almost all 
frequencies, see Figure-50. This result almost satisfies the requirement, but not completely and we need 
some justification. 
 

 
Note that there is a small violation of the robust performance requirement at the slosh frequency. Slosh stability is 
sensitive to variations in slosh mass position relative to the vehicle CG and center of rotation. Note that the LOX 
mode is not perfectly phase-stable like the LH2, but it is half-way rotated towards instability which makes it 
vulnerable to variations in slosh mass position. This can be fixed by adding baffles and increasing the LOX damping or 
it can be ignored with some justifications. For example, the violation occurs only for a short period for the oscillations 
to grow or the disturbance caused by the slosh instability is negligible because the amplitude of slosh mass oscillation 
is limited by the tank radius.  



 

Figure 49 Robust Performance Analysis Model “Robust_Perform.slx” Configured for Pitch Analysis 

For lateral robust performance analysis, we must modify the model input by disconnecting the “Demux” 
second output from pitch uncertainty inputs and connecting it to the second input of the “Split” block 
which is the yaw uncertainty inputs. The “Delta-out” output must also be disconnected from the top “Mux” 
and be connected to the bottom “Mux” which selects the beta angle and the yaw uncertainty outputs. 



 

Figure 50 The System Nearly Satisfies Robust Performance in Pitch. The SSV between the 20 Inputs and 20 Outputs is Less 
than 1, at Almost All Frequencies, except Slosh at 4.5 (r/s). This Must be Fixed, Explained or Justified 

2.7 Simulation Model and Results 

The closed-loop Simulink model “Simulat_4.slx” in Figure 51 is used for time-slice simulations. The inputs 
are either (roll, pitch, yaw) attitude commands or wind-gust velocity disturbance in (feet/sec). 

Step Attitude Command: Figures 52 show the response of the system to simultaneously applied unit step 
attitude commands in roll, pitch and yaw. Pitch and yaw attitudes converge slowly towards the 
commanded values because they are being prevented by a strong load-relief feedback from the angles of 
attack and sideslip. Slosh is excited by the maneuver but it is phase-stable and it gets damped out fast by 
gimbaling. 

Response to Sinusoidal Wind Disturbances: Figure 53 shows the effect of the Nz-filter to counteract 
external disturbances. The system is excited with an oscillatory wind disturbance consisting of frequencies 
between 0.65 to 0.85 r/s. The left side shows the responses without the filter and the right side are the 
responses to the same disturbances with the filter included. The alpha loading without the filter is 5 times 
greater than what it is with the filter and the gimbal deflections are bigger without the filter. Notice also 
that the attitude oscillations with the filter are much bigger than without the filter. It is because the system 
is maneuvering more by turning towards the oscillatory wind and thus reducing α & β.  



 

Figure 51 Time-Slice Simulation Model “Simulat_4.slx” 

 

Figure 52 Response to Unit Step Attitude Command in Roll, Pitch and Yaw Together 





 

Figure 53 System Response to an Oscillatory Wind Disturbance, Without and With the Nz-Filter 

 



 
In this example we have a launch vehicle during 
second stage. The vehicle has one TVC engine that is 
used for pitch and yaw control. For roll control it has 8 
reaction control jets. For fuel it has 2 tanks that 
contain liquid oxygen (LOX) and liquid hydrogen (LH2). 
We will analyze a time-slice during late 2nd stage when 
the propellant sloshing is significant because the 
vehicle is lighter. In addition, the LOX propellant 
sloshing is unstable because of its location relative to 
the vehicle CG and center of rotation. 

When slosh is stable, which happens more frequently, 
PID control is usually sufficient to control the vehicle, 
but when it is unstable, the slosh mode is usually 
attenuated mechanically by adding baffles inside the 
tank. This is undesirable because it increases the 
weight of the vehicle and reduces fuel capacity. In this 
example we will try to solve the problem of slosh 
instability in the control system by designing an H-
infinity dynamic controller that adjusts the phasing of 
the mode to stabilize it. We will also compare results against the PID design and discuss the advantages and 
disadvantages of the two approaches by using non-linear simulations that can evaluate the severity of 
unstable sloshing more accurately than linear models which rely on Nichols charts and stability margins. 

In Section-1 we begin with a model that includes slosh but not flexibility. We will design an output feedback 
H-infinity control system and compare it against the PID system. We will analyze only the pitch axis because 
the yaw axis is identical and the roll control system will be examined in Sections 2 & 3. We will improve the 
control system robustness against slosh frequency variations by modeling the frequency uncertainties as 
external disturbances in the design model. In Section-2 we will include structural flexibility and tail-wag-dog 
dynamics in the model, analyze the system stability and design filters for flex modes. In Section-3 we will 
analyze the entire system further with non-linear simulations that include the spherical pendulum slosh 
model for both tanks. The mechanics of the spherical model will be described in detail. It will also help us 
estimate the minimum amount of slosh damping required to stabilize the PID controller in order to achieve 
an acceptable performance with reasonable oscillation amplitudes. 

  

Launch Vehicle Second Stage Design 
with Unstable Slosh 



1.0 H-Infinity Control Design Including Slosh 

In this section we will design an output feedback dynamic controller for the launch vehicle using H-infinity 
and compare it with a PID controller that was designed without consideration of the unstable slosh. We will 
only design the pitch axis because yaw is identical by symmetry. For roll control we will design an RCS 
system in Section 2 that uses reaction control jets. The input file for this analysis is “Stg2_Des_T400.inp” 
and it is located in directory “Flixan\Control Analysis\Hinfinity\Examples\Stage-2 LV, Unstable Slosh\1-
Robust Hinfin Control Design”. The title of the vehicle model is “Second Stage Design Model with Slosh at 
T=400 sec”. It includes a 23,400 (lbf) TVC engine for pitch and yaw control and two slosh modes for the LOX 
and LH2 propellants. At this point it does not include TWD, actuators and flexibility. They will be added in 
Section-2 for more thorough analysis. There is no aerodynamics in this flight condition. The LOX mass is 
unstable when it is controlled with a simple PID system because it is located between the vehicle CG and 
the Center of Rotation. It means the oscillations are amplified by the TVC control system which leads to 
diverging slosh oscillations. But the LH2 mode is phase-stable. The H-infinity design system is augmented by 
including the pitch attitude state θ in order to improve attitude tracking for guidance. The H-infinity 
controller requires knowledge of the slosh modes in order to stabilize them. The four states of the two 
slosh modes are also included in the design model. Although only one slosh mode is unstable, we include 
them both because their frequencies are very close together and they interact significantly. The slosh states 
are also included in the outputs because they are needed in the performance criteria.  

We will also try to introduce some robustness in the design by telling the optimization algorithm that we 
have 10% uncertainty in the slosh frequency. We do it in the vehicle model by extracting the uncertainty 
and treating it as an external disturbance. The vehicle dataset in the input file includes an uncertainties 
dataset that defines variations of the two slosh frequencies. It creates 2 additional uncertainty 
input/output pairs in the vehicle design system that correspond to 10% frequency variations. The additional 
input/output pairs are included in the optimization to produce a more robust design. The title of the pitch 
design system is “Pitch Design Model with Slosh and Theta-Integral” and we will use it to create the 
Synthesis Model “Pitch Design Model with Slosh and Theta-Integral/SM-2” by separating the inputs into 
disturbances and controls and the outputs into performance criteria and measurements. This is an 
interactive process that is accomplished by the H-infinity program but it will not be shown in this example. 
The systems generated by Flixan are saved in file “Stg2_Des_T400.Qdr”. The SM is shown graphically in 
systems form in Figure-1. It consists of 9 matrices and the optimization gains are shown at the w-inputs and 
z-outputs. The w-inputs consist of: uncertainties, control disturbance, a command for a regulated output, 
and noise. The z-output criteria consist of: performance outputs, a regulated output error, and a control 
input penalization. The gains are adjusted for a satisfactory trade-off between control bandwidth versus 
stability and sensitivity to disturbances (both internal and external).  

1.1 Input File 
 
The input file “Stg2_Des_T400.Inp” contains the datasets used by the Flixan program to create the vehicle 
and the control system. There are two similar batch sets at the top of the file for fast processing the 
datasets. They both create the vehicle and H-infinity controller systems and export them for Matlab in files 
“vehicle.m” and “control.m”. The first one “Batch for calculating the Second Stage Design Models with 
Slosh (Keep Old SM)” does not create a new SM but it retains the original SM in file “Stg2_Des_T400.Qdr”. 
The second batch “Batch for calculating the Second Stage Design Models with Slosh (Create New SM)” 
creates a new SM and erases the previous one in the systems file. It replaces the “Retain CSM” statement 
with “Create CSM” dataset. Otherwise, they produce identical results. 



 The uncertainties dataset below includes the amount of frequency variations for the two slosh modes 
which is about 10%. Each variation corresponds to a slosh parameter in the vehicle data. The variations of 
the non-changing parameters are zero. In this case we have 2 parameter variations that produce 2 
additional inputs and 2 outputs in the vehicle system. They are scaled to correspond to a diagonal 2x2 
uncertainty block ∆ whose elements vary ±1.  



 
The control input and the 2 uncertainty inputs are included in the pitch design model. The outputs include 
the 3 measurements (θ, q, and θ-integral), the 4 slosh states (zs displacements and zs velocities relative to 
the tank center), and the two uncertainty outputs that correspond to the 2 slosh frequency variations. The 
above dataset extracts the 4 slosh variables from the system states and includes them in the design system 
outputs. 



 
 
The θ-integrator is included in the design model to create the final design system “Pitch Design Model with 
Slosh and Theta-Integral”. The inputs and outputs include the 2 parameter variations that connect to the 
unity uncertainty block. The states and outputs include the 4 slosh states. 
 
  



The Synthesis Model is also created in batch mode by processing the following dataset “Pitch Design Model 
with Slosh and Theta-Integral/SM-2”. It separates the design model inputs into controls and disturbances, 
and the design model outputs into measurements and performance criteria, and it includes also the 
performance tuning gains. This dataset is automatically created by the program and saved in the input file 
after running the SM creation process interactively after selecting the first option from menu. 
 

 

 

The H-infinity design dataset “Output-Feedback H-Infinity Control Design” reads the SM “Pitch Design 
Model with Slosh and Theta-Integral/SM-2” from the systems file and creates the control system “Stage-2 
Launch Vehicle Output-Feedback” which is also saved in the systems file. The upper magnitude bound of 
the sensitivity function is set to γ=110 (dB), smaller values violate the math conditions. The following 
datasets convert the Flixan generated systems from file “Stg2_Des_T400.Qdr” to m-files that can be loaded 
into Matlab for control analysis. 

  

  



1.2 Systems File 
 
Some of the systems in file: “Stg2_Des_T400.Qdr” are shown below. It includes the design vehicle system, 
the H-Infinity SM, and the H-infinity controller. 
 

 
This is the original pitch system with slosh and uncertainty inputs and outputs which is extracted from the 
full vehicle system. The outputs do not include the slosh variables yet. 



 
This is the pitch system with slosh and uncertainty inputs and outputs. The outputs now include the slosh 
variables. 



 
 
The pitch design system is now augmented to include θ-integral in the states and in the outputs. Theta-
integral is considered to be a measurement and it will also be included in the performance optimization 
criteria. 
  



This is the Synthesis Model consisting of 9 matrices and it will be used by the algorithm to create the H-
infinity control system. 
 

 
  



 
 
A list of input and output variables is included at the bottom of the Synthesis Model. On the right side of 
the variables the performance optimization gains are included that scale the corresponding disturbance 
inputs and criteria outputs. Each disturbance gain multiplies the corresponding excitation input column in 
the B1 and D11 matrices. Each performance gains divides the corresponding criteria output row in the C1 
and D11 matrices. The control and measurement gains are set to 1. Also, the parameter variation gains are 
set to 1 because they are already normalized for ±unity variations. 
 
 
  



 

 

 
 

This is the H-Infinity control system that reads the 3 measurements, it estimates the 7-states vector and 
calculates the pitch TVC command (dQ). The matrix C is actually a state-feedback from the estimated state. 
It is expected to stabilize the slosh modes and to reduce sensitivity to slosh frequency variations. We will 
use it to analyze stability and compare it against the PID controller.  

The PID is just a 3-states gain vector Kq that is feeding back: attitude, body rate, and attitude integral, 
where, Kq=[1.1, 1.3, 0.17]. 
  



1.3 Designing the H-Infinity Controller Interactively 
 
We will now use the SM which is already in file “Stg2_Des_T400.Qdr” to design the H-infinity controller 
interactively. We can also do it in batch mode by processing one of the batch datasets. Run the H-infinity 
design program, select the project folder, the systems file, and from the main menu select the second 
option to read and process the SM. From the next menu select the only SM title and click on “Select”. 
 

 

 

 



 
 
The program confirms that the SM meets the expected observability and controllability requirements and 
displays the SM matrices graphically in system form, in Figure-1. The 9 SM matrices appear color coded and 
the performance optimization gains that scale the disturbances and the criteria are also shown in the inputs 
and outputs. The A-matrix consists of 7 states. There are 2 uncertainty inputs (wp) for the two slosh 
frequency variations which are already scaled to correspond to ±unity ∆ and they don’t need scaling gains. 
There is 1 control disturbance (w), 1 θ-command for a regulated output θ-error, noise for the 3 
measurements, and the TVC control input (uc). In the outputs we have 2 uncertainty outputs (zp), always 
the same as the uncertainty inputs, 6 performance criteria (z), 1 criterion for the regulated output error 
(zre), 1 control utilization criterion that penalizes the control magnitude, and 3 measurements (ym). Select 
the third option from the main menu to design the H-infinity controller, and click “Select”. The program 
confirms that the solution is an output feedback gain dynamic controller that includes a state estimator. 
 

  



 
Figure 1 Synthesis Model in Systems Form 



Now we begin the iterative process of trying to minimize the upper bound γ of the infinity norm of the 
sensitivity transfer function between the input disturbances vector and the output criteria vector. We begin 
with an arbitrary large upper bound γ and try to find the smallest γ that will not violate the algorithm 
requirements. After 2-3 iterations we find that γ=110 (dB) works and we click on “No” meaning that we do 
not want to try another value but to accept the current controller. 
 

 

 

 
 
Figure-2 shows the closed-loop system poles with the control loop closed between the control inputs (uc) 
and the measurements (ym) via the H-infinity control system. All the poles are stable as expected. There are 
3 low damped complex pairs of poles near the slosh frequencies, which is 6 (rad/sec). The red line 
corresponds to damping coefficient ζ=0.01. There are also 2 well damped complex pairs of poles near 
the ζ=0.707 green line. We return to the H-infinity main menu and save the controller gain by clicking on 
“Save the H-infinity Controller in Systems File (x.Qdr)”. The title of the controller in the systems file is: “H-
Infin. Control for Stage-2 Launch Vehicle Output-Feedback”. 



 
Figure 2 Closed-Loop System Poles 

 
1.4 Control Analysis 
 
We begin the control analysis by running the initialization file “init.m” which loads the vehicle system, the 
H-infinity controller (control.m), and the PID state-feedback gain controller (Kq). We will use Matlab to 
analyze stability by calculating the frequency response of the two open-loop systems, use simulations to 
analyze their responses to attitude change commands and compare the two designs. The H-infinity design 
is implemented in Simulink files “Open_Loop_1.slx” and “Sim_1.slx”. The PID design is implemented in files 
“Open_Loop_2.slx” and “Sim_2.slx”. The vehicle system used in this analysis is also the design system. 
 

 
 
  



Figure 3 shows the two Simulink models used for analyzing stability in the frequency domain. The Matlab 
script file “freq.m” calculates the open-loop Bode and Nichols plots. The 3 inputs to both controllers are: (θ-
attitude, q-rate and θ-integral). The H∞ controller however includes a state-estimator. That’s what makes it 
dynamic. A 110 (rad/sec) low-pass filter is also included in both. 
 

 

Figure 3 Stability Analysis Model in Simulink File “Open_Loop_1.slx” 

 
Figure 4 shows the open-loop Bode and Nichols plots of the PID state feedback controller. The two modes 
are very close in frequency (5.84 and 6.02 r/s). The damping on both slosh modes was set to ζ=0.002 
assuming no baffles. The LOX mode is very unstable because it was designed without slosh consideration. 
Figure 5 shows the same plots calculated with the H-infinity model. The 6.02 (r/s) LOX mode is no longer 
encircling the critical + point but it is phase-stable. It has shifted to the right by the introduction of a 4.6 r/s 
controller mode, and the phase and gain margins are great. 
 

 
 
 
  



 

Figure 4 Bode and Nichols Plots Showing that the LOX Slosh Mode is Very Unstable when Using the PID Controller 



 

Figure 5 Bode and Nichols Plots Show that the H-Infinity Controller Stabilizes Both Slosh Modes with plenty of Margins 



 

Figure 6 Two Simulation Models “Sim_2” and “Sim_1” for PID Control and H-Infinity 

 
The two simulation models in Figure-6 use the same vehicle system “Pitch Design Model with Slosh and 
Theta-Integral” but different controls. Sim_1.slx includes the H-infinity control system “H-Infin Control for 
Stage-2 Launch Vehicle Output-Feedback” which is stable and Sim_2.slx includes the PID state-feedback 
gain Kq which is unstable due to sloshing. Figure-7 shows the step responses of both systems. The PID 
system “Sim_2.slx” has an oscillatory divergence at 6 (rad/sec) which is the LOX frequency. 
 



 

Figure 7 Closed-Loop System Response to Attitude Step Command, Stable versus Unstable Systems 



2.0 Detailed Control Analysis 

We will continue analyzing the 2nd stage vehicle in more detail by including structural flexibility, slosh, 
actuators, TWD dynamics, and load-torque feedback which is the dynamic coupling between the vehicle 
and actuators. The work files for this analysis are in this directory: “Flixan\Control Analysis\Hinfinity\ 
Examples\ Stage-2 LV, Unstable Slosh\2-Analysis with Slosh & Flex Modes”. The input file is 
“Stg2_Anal_T400.inp” that contains the vehicle data including the flex modes. The title of the vehicle 
dataset is “Second Stage Analysis Model with Slosh and Flex at T=400 sec”. The purpose of the vehicle 
system in Section-1 was to create a robust control design. The vehicle in this section is used to analyze 
stability and performance by including RCS thrusters and a lot of other stuff missing from the design model. 
The design model is kept simple in order to produce a low order control system. Modifications may be 
needed later by adding filters or adjusting the gains.  
 
This time we will analyze the full vehicle, roll, pitch and yaw using both controllers: the stabilizing H-Infinity 
and the simple PID which allows LOX to become unstable. The yaw axis is the same as the pitch axis. For roll 
we will include the RCS control system in the simulations and describe the phase-plane control system with 
the jet selection logic. The slosh modes are included in the Flixan vehicle in both pitch zs and yaw ys 
directions. In Section-3 slosh will be replaced with an external spherical pendulum model. Structural 
bending is included with 20 flex modes. The vehicle data is set “WITH TWD” flag which creates gimbal 
acceleration inputs to implement the tail-wag-dog dynamics. It generates also load-torque feedback 
outputs that couples dynamically the vehicle with the TVC actuator. We will use two actuator models, a 
linear model for the stability analysis and a non-linear actuator for the simulation model. We will analyze 
linear stability and show simulation results. 
 
2.1 Input File 
 
The Flixan input file in this section is “Stg2_Anal_T400.inp” and the systems are saved in file “Stg2_Anal-
T400.inp”. The vehicle has one gimbaling TVC engine and 4 bi-directional thrusters that represent the 8 
actual jets. They are activated by the jet-selection logic and their thrusts are either zero or ±2.7 (lbf). A set 
of flex modes is included at the bottom of the input file. Its title is “Second Stage Flex Modes at 30% Full 
Tanks”. The modes are already selected and scaled to match the units of vehicle data. They are processed 
together with the vehicle data to produce the flex vehicle. The batch set is on the top of the file and it can 
be used to process the entire file. The Mixing Logic dataset creates the mixing logic matrix but we will only 
use the 2x2 TVC section that affects pitch and yaw. We ignore the part of the matrix that affects the jets 
because we are using a separate logic for roll. 
 

 
  



 
The vehicle system and the TVC matrix are saved in files “vehicle.m” and “Kmix.mat” in order to be loaded 
into Matlab. 
  



The first mode of the modal data set “Second Stage Flex Modes at 30% Full Tanks” is shown below. It 
includes nodes at the TVC gimbal, the 4 jets, the IMU, and the 2 slosh masses. 
 

 

2.2 Control Analysis 
 
For stability analysis we use two open-loop models, see Figure-8. The model “Open_Loop_1.slx” is using the 
H∞ controller and the model “Open_Loop_2.slx” uses the PID. They are almost identical except for the 
control systems, shown in Figure-9. Only the pitch and yaw loops are included. The Phase-Plane logic for 
roll RCS control is non-linear and it is not included in linear analysis. 
 

 
Figure 8 Stability Analysis Model Configured for Pitch Analysis 



 

Figure 9 The Two Flight Control Systems, H∞ and PID 

 
Figure 10 Pitch and Yaw TVC Actuator 



 
Figure 11 Flexible Vehicle System “Second Stage Analysis Model with Slosh and Flex at T=400 sec” Generated from Flixan  

The flex vehicle system is loaded into Matlab from file “vehicle.m” using the script file “init.m”. It includes 
gimbal acceleration inputs for the TWD implementation. The outputs include pitch and yaw load-torques at 
the TVC gimbal which are fed back into the actuator load-torque inputs. The rate-gyro outputs (12, 13, 14) 
are used for measurement because they include flexibility, instead of the rigid rate outputs (2, 4, 6). For 
attitude feedback we use the rigid outputs (1, 3, and 5). The TWD produces a dip in the frequency response 
at 49 (r/s). Figures 12 and 13 show the frequency response stability analysis results for the PID against the 
H∞ controllers. They are calculated by running the file “freq.m”. 
 

  



 
Figure 12 Stability Analysis with Flexibility and Slosh Using the PID Controller. Shows that LOX is 
Unstable. The 150 r/s Mode is attenuated with a Notch Filter 



 
Figure 13 Stability Analysis with Flexibility and Slosh Using the H-Infinity Controller. Both Slosh Modes are Phase 
Stabilized. The 143 r/s Mode is attenuated with a Notch Filter 

  



2.3 Simulation Models 
 
We have two simulation models which are very similar, see Figure-14, but they use the two different 
controllers. The model “Sim_2.slx” has the PID system and it is unstable, as expected, and the model 
“Sim_1.slx” uses the H∞ system and it is stable. They both use the Flixan generated vehicle with slosh and 
flexibility. They also use the non-linear actuator, see Figure-15, and the RCS control system that controls 
the roll axis. 
 

 
Figure 14 Simulation Model “Sim_1.slx” with Slosh and Flexibility 

 

 
Figure 15 Non-Linear Pitch and Yaw TVC Actuator with Gimbal Dynamics Block 



 

 

Figure 16 Non-Linear Actuator Gimbal Dynamics which Includes Static and Viscous Friction 

  



The non-linear actuator model includes the non-linearity at the gimbal due to static (Coulomb) friction. It 
includes also viscous friction. The gimbal is implemented as a separate block that includes the Matlab 
function “Gimbal”, shown in Figure-16. The actuator model also includes shaft position and rate limits. 
 
Reaction Control System 
 
The RCS control system block activates the 8 jets for roll control and it is shown in detail in Figure-17. The 
logic uses phase-plane and a jet selection logic to determine which jets to fire in order to correct attitude. It 
activates only 0 to 4 jets at a time (out of 8 available) as a function of rate and attitude errors. The RCS logic 
comprises of two Matlab functions: the phase-plane and the jet-select logic, which are shown in Figure-18. 
The 8 output thrust forces (0 or 2.7 lbf) firing along ±Y axis and ±Z axis, are converted to 4 bidirectional 
throttles ±2.7 (lbf) which are inputs to the 4 throttles of the Flixan vehicle because it accepts also negative 
forces. Note, one bidirectional jet represents two real back-to-back firing jets. 

 
Figure 17 Reaction Control System for Roll 





 
Figure 18 Phase-Plane and Jet Selection Logic for the RCS Jets 

  



Simulation Results 

Figures (19-21) show the results obtained using the H∞ Simulink model “Sim_1.slx” when it is commanded 
to perform an attitude change of [5°, 5°, -5°] in roll, pitch, and yaw respectively. The PID system in 
“Sim_2.slx” is unstable (not shown). 
 

 
Figure 19 Phase-Plane Showing the Attitude and Rate Errors Decaying Towards Zero 



 
Figure 20 The Attitude Error Decreases in Pitch and Yaw. Max Roll Error is 0.8° 



 
Figure 21 Body Rates and Gimbal Deflections. There is a Small Limit-Cycle due to Static Friction in the Actuators Coupling with 
Flexibility 

  



3- Simulations Using Non-Linear Slosh Models 

In this section we will develop simulation models for the flexible vehicle combined with two sloshing 
propellant models for the LOX and LH2 tanks. We will use non-linear spherical pendulum slosh models to 
describe the motion of the slosh mass inside the tanks and compare the PID controller, which is unstable 
because it was designed without consideration of slosh, against the dynamic H-infinity controller which was 
designed by considering the slosh modes in the design as already described. Our emphasis in this section is 
to demonstrate the benefits of using the spherical pendulum model which is effectively more accurate than 
the spring-mass model for unstable slosh situations because it limits the deflection of the slosh mass. The 
work files for this section are in directory “Flixan\Control Analysis\Hinfinity\ Examples\ Stage-2 LV, 
Unstable Slosh\3-Non-Linear Slosh Sim” and there are 3 Simulink models there. The first model is in file 
“Stg2_LinSlsh_Sim_Hinf.slx” which includes linear slosh subsystems implemented in Matlab and the H-
infinity controller. It is used to compare the linear against the non-linear slosh models. The second model in 
file “Stg2_NonLin_Sim_Pid.slx” includes the non-linear spherical pendulum models and the PID controller 
and it is obviously unstable. The third model in file “Stg2_NonLin_Sim_Hinf.slx” includes the non-linear 
spherical pendulum model and the H-infinity controller which is stable. In the following sections we will 
describe the simulation models, present simulation results and analyze the efficiency of the slosh models. 
We begin with the linear spring-mass model which in this case it is not included in the Flixan vehicle but it is 
wrapped externally around the vehicle model in “Stg2_LinSlsh_Sim_Hinf.slx”. We will develop equations of 
motion for the spherical pendulum model which are included in “Stg2_NonLin-Sim_Hinf.slx”. We will 
describe the simulation models, analyze 3 different cases and present simulation results, and finally discuss 
the results and use them to make conclusions about the tank design.  

Linear Spring-Mass Slosh Model 

Let us begin with the simple spring-mass analogy model. When a vehicle is accelerating the motion of the 
propellant inside the tank can be approximated with a mass attached to the vehicle via a spring. The slosh 
mass displacement zs relative to the tank is calculated by a 2nd order differential equation, where az is the 
vehicle normal acceleration at the location of the slosh mass. 

�̈�𝑧𝑠𝑠[𝑠𝑠2 + 2𝜁𝜁𝜔𝜔𝑠𝑠𝑠𝑠 + 𝜔𝜔𝑠𝑠2] = −𝑎𝑎𝑧𝑧       (1) 

The slosh frequency is 𝜔𝜔𝑠𝑠 = �
𝐴𝐴𝑥𝑥
𝑙𝑙𝑝𝑝

  that is, axial vehicle acceleration Ax over the pendulum length lp 

The force applied to the vehicle by the slosh mass is 𝐹𝐹𝑧𝑧 = −𝑚𝑚𝑠𝑠(𝜔𝜔𝑠𝑠2𝑧𝑧𝑠𝑠 + 2𝜁𝜁𝜔𝜔𝑠𝑠�̇�𝑧𝑠𝑠), where ms is the slosh 
mass. Two 2nd order slosh equations are needed for each propellant tank in order to describe the slosh 
mass relative motion in two directions ys and zs perpendicular to the acceleration vector Ax. The Matlab 
function “Slosh_Lin” is used to implement the linear slosh model for the LOX and LH2 tanks. The Flixan 
vehicle system in this case includes flexibility but the propellant slosh modes are not included.  

  



Figure 22 shows the block diagram of the linear LOX model which is included in the Simulink model 
“Stg2_LinSlsh_Sim_Hinf.slx”. The two slosh subsystems are combined with the vehicle in the Simulink 
model. The inputs to the slosh block are vehicle accelerations at the slosh mass and the outputs are 
reaction forces which are applied to the vehicle and also moments due to slosh mass deflection zs coupling 
with the Ax acceleration.  

 

Figure 22 Implementation of Linear Slosh in Simulink Using a Matlab Function 

  



Non-Linear Pendulum Slosh Model  

The spring mass model is useful for linear analysis but when slosh is unstable the linear model is not 
sufficient to evaluate the situation. When unstable, the slosh mass will not diverge to infinity because its 
deflection is limited by the tank radius and, therefore, the force on the vehicle will be bounded. If we 
assume a spherical pendulum analogy where the slosh mass is suspended from a pivot point located on the 
tank centerline, the slosh mass won’t even be able to reach near the tank walls. It will only swing up to 45° 
before the wave breaks and the oscillations will begin growing again from a lower amplitude. The force on 
the vehicle is applied at the pivot. Another advantage of the non-linear pendulum analogy is that it includes 
the centripetal forces produced by the angular velocity of the slosh mass as it spins around the tank. It 
allows us to analyze swirling type of dynamic instabilities when the mass develops a vortex motion and 
produces a centripetal disturbance force on the vehicle that couples with the TVC control system and 
further aggravates the spinning. The linear model includes only the reaction forces due to the mass 
acceleration. The non-linear model will show if the instability damps out or diverges further. Figure-23 
shows the propellant inside a tank. We assume that the propellant consists of two parts: (a) a solid mass 
near the bottom of the tank that does not move relative to the tank, and (b) a sloshing part that oscillates 
like a pendulum. Its center of mass is a little below the surface. The pendulum oscillations are excited by 
the vehicle normal and lateral acceleration components Az and Ay at the slosh mass, and the motion of the 
mass is along two lateral directions perpendicular to the acceleration vector AX. 

 

Figure 23 Pendulum Slosh Model  



The weight of the solid propellant is rigidly attached to the vehicle mass properties at the fixed point on the 
tank centerline and it is included in the calculations of the vehicle CG and moments of inertia. The sloshing 
mass is not included because its effect is captured by the forces applied in the dynamic model. The motion 
of the slosh mass is circular about the center of rotation which is located at a point on the tank centerline. 
It is approximated with a pendulum of length lp a little shorter (approx. 3/4) of the tank radius. The string is 
non-elastic, attached at the pivot point a little below the propellant surface. In Figure-23 the tank is at 60% 
fill level. We assume that only the top 20% of the propellant is sloshing and 40% is rigidly attached at a 
point mass on the tank centerline near the bottom. 

Spherical Pendulum Slosh Model 

Propellant sloshing can be approximated by the circular motion of a slosh mass that swings about a center 
of rotation which is the pendulum pivot point and this is where the reaction force is applied to the vehicle, 
in the opposite direction of the mass acceleration. There is an axial component force due to steady vehicle 
x-acceleration and two lateral forces Fy and Fz applied along the vehicle y and z axes. The pendulum motion 
is excited by the vehicle normal and lateral Az and Ay accelerations at the pivot and the pendulum 
produces the Fy and Fz forces which are applied back to the vehicle at the pivot. This is a mechanical 
feedback that can produce instability. The non-linear pendulum model can be used to assess the severity of 
the instability. The tank radius bounds the oscillation amplitude and the instability converges to a limit-
cycle. The amplitude of the oscillation strongly depends on the length of the pendulum lp and the 
coefficient of friction of the liquid mass sliding along the tank surface. This model can be used to determine 
the minimum damping coefficient for acceptable amplitudes of oscillation.  

Figure-24 shows the spherical pendulum. 
The mass can swing in two directions 
perpendicular to the acceleration Ax, along 
the y and z axes. The displacement of the 
mass can be resolved in two rotation 
angles: a vertical pendulum rotation angle 
θ along a longitude, and a horizontal 
rotation φ about the x-axis along a latitude. 
The pendulum angle θ is measured from 
the vertical and it is always greater than 
zero. The angle φ is measured counter-
clockwise from the projection of lp on the 
y-z plane.  

  

Figure 24 Spherical Pendulum 



The pendulum is initialized at (θ0 , φ0) and the motion is excited by the accelerations Ay and Az of the pivot 
point along the y and z axes. The acceleration of the pivot relative to the mass can be resolved into two 
acceleration components that produce vertical and lateral moments on the pendulum: an axial acceleration 
Aξ that produces a vertical moment, and a tangential acceleration Aτ that produces a lateral rotation 
moment about the x-axis. So, we have two pendulum moment equations. 

Vertical Moment Equation 

Equation (2) is the moment for the vertical motion and calculates the pendulum angle θ. It is excited on the 
RHS by the axial component of vehicle acceleration Aξ towards the slosh mass which produces the vertical 
moment. There is also a friction force D.Vθ of the mass as it slides with velocity Vθ against along the surface 
which produces an opposing torque, where D is the viscous friction coefficient.   

𝑚𝑚𝑚𝑚2�̈�𝜃 − 𝑚𝑚𝑚𝑚2�̇�𝜙2 cos 𝜃𝜃 sin 𝜃𝜃 + 𝑚𝑚𝑚𝑚𝐴𝐴X sin 𝜃𝜃 = −𝑚𝑚𝑚𝑚𝐴𝐴ξ cos 𝜃𝜃 − 𝐷𝐷𝑚𝑚2�̇�𝜃    (2) 

�̈�𝜃 = +�̇�𝜙2 cos𝜃𝜃 sin 𝜃𝜃 − 𝐴𝐴X
𝑙𝑙

sin 𝜃𝜃 −
𝐴𝐴ξ
𝑙𝑙

cos 𝜃𝜃 − 𝐷𝐷
𝑚𝑚
�̇�𝜃      (3) 

For small angles and without any lateral motion this equation reduces to 

�̈�𝜃 + 2𝜁𝜁𝜔𝜔�̇�𝜃 + 𝜔𝜔2𝜃𝜃 = −
𝐴𝐴ξ
𝑙𝑙

          (4) 

Where the oscillation frequency: 𝜔𝜔2 = 𝐴𝐴X
𝑙𝑙

  and  𝐷𝐷 = 2𝜁𝜁𝜔𝜔 𝑚𝑚 , where ζ is the damping coefficient. The D 

coefficient is selected to produce a ζ =0.002. The pendulum length l is a little smaller than the tank radius. 

 

Figure 25 Top View. The Vehicle Normal and Lateral Accelerations are Resolved into Axial and Tangential Relative 
Accelerations 
  



Lateral Moment Equation 

In the lateral direction the spin moment about x is given in equation (5) which calculates the rotational 
angle φ about the tank centerline x. It is excited by the torque produced by the relative tangential 
acceleration Aτ between the pivot and the mass, which is perpendicular to the Aξ acceleration. There is also 
a viscous friction force D.Vφ due to the horizontal velocity component Vφ producing a negative torque. 

𝑚𝑚𝑚𝑚2�̈�𝜙 sin2𝜃𝜃 + 2 𝑚𝑚𝑚𝑚2�̇�𝜃�̇�𝜙  cos𝜃𝜃 sin𝜃𝜃 = +𝑚𝑚𝑚𝑚𝐴𝐴t sin𝜃𝜃 − 𝐷𝐷�̇�𝜙𝑚𝑚2 sin2𝜃𝜃 (5) 

�̈�𝜙 = −2 �̇�𝜃�̇�𝜙  cos𝜃𝜃
sin𝜃𝜃

+ 𝐴𝐴t
𝑙𝑙 sin𝜃𝜃

− 𝐷𝐷
𝑚𝑚
�̇�𝜙      (6) 

Slosh Mass Kinematics Relative to Tank Centerline Attachment: 

𝑌𝑌𝑠𝑠 = 𝑚𝑚 sin𝜃𝜃 cos𝜙𝜙  
𝑋𝑋𝑠𝑠 = −𝑚𝑚 cos𝜃𝜃  
𝑍𝑍𝑠𝑠 = −𝑚𝑚 sin𝜃𝜃 sin𝜙𝜙 
 
Slosh Mass Velocities: 

�̇�𝑌𝑠𝑠 = +𝑚𝑚�̇�𝜃 cos𝜃𝜃 cos𝜙𝜙 −  𝑚𝑚 �̇�𝜙 sin𝜃𝜃 sin𝜙𝜙 
�̇�𝑍𝑠𝑠 = −𝑚𝑚�̇�𝜃 cos𝜃𝜃 sin𝜙𝜙 −  𝑚𝑚 �̇�𝜙 sin𝜃𝜃 cos𝜙𝜙 
 
Slosh Mass Accelerations Relative to Tank: 

�̈�𝑌𝑠𝑠
𝑚𝑚� = +�̈�𝜃 cos𝜃𝜃 cos𝜙𝜙 − �̈�𝜙 sin𝜃𝜃 sin𝜙𝜙  − ��̇�𝜃2 + �̇�𝜙2� sin𝜃𝜃 cos𝜙𝜙 − 2�̇�𝜃�̇�𝜙 cos𝜃𝜃 sin𝜙𝜙 

�̈�𝑍𝑠𝑠
𝑚𝑚� = −�̈�𝜃 cos𝜃𝜃 sin𝜙𝜙 − �̈�𝜙 sin𝜃𝜃 cos𝜙𝜙 + ��̇�𝜃2 + �̇�𝜙2� sin𝜃𝜃 sin𝜙𝜙 − 2�̇�𝜃�̇�𝜙 cos𝜃𝜃 cos𝜙𝜙 

 
Slosh Forces on the Vehicle: 
𝐹𝐹𝑌𝑌 = 𝑚𝑚𝑠𝑠��̈�𝑌𝑠𝑠 + 𝐴𝐴𝑌𝑌𝑌𝑌� Mass x Inertial Acceleration 
𝐹𝐹𝑍𝑍 = 𝑚𝑚𝑠𝑠��̈�𝑍𝑠𝑠 + 𝐴𝐴𝑍𝑍𝑌𝑌� 

Slosh Moments on the Vehicle: 
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Spherical Pendulum Model in Simulink  

The equations of motion of the spherical pendulum slosh model are implemented in the Simulink model 
“Stg2_NonLin_Sim_Hinf.slx” which is shown in Figure-26. It includes the H-Infinity flight control for the TVC 
engine which is identical for both pitch and yaw. It also includes pitch and yaw non-linear TVC actuators. 
The phase-plane reaction control system is also included for roll control. There is an identical simulation in 
file “Stg2_NonLin_Sim_Pid.slx” that uses the PID controller. 

 

Figure 26 Non-Linear Simulation “Stg2_NonLin_Sim_Hinf.slx” which Includes the Spherical Pendulum Slosh Models 

The green vehicle block is shown in detail in Figure-27. The two slosh subsystems are combined with the 
Flixan vehicle, that includes flex but no slosh, to simulate the dynamic coupling with the sloshing 
propellants. The pendulum slosh equations are coded in Matlab functions. Figure 28 shows the LOX 
Spherical Pendulum block and Figure-29 shows the equations of motion in Matlab. They consist of two 2nd 
order differential equations for the two pendulum rotations which are non-linearly coupled together. That 
is, the vertical rotation θ and the lateral rotation about the tank x-axis φ. They are excited by the vehicle 
lateral and normal accelerations Ay and Az at the tank. The 2 relative accelerations are transformed into an 
axial component Aξ that excites the vertical motion and a tangential component Aτ that excites the lateral 
motion. The angular rates and accelerations produce the forces and moments which are applied back to 
the vehicle. The simulations are initialized by the function “init.m” which loads the systems and initializes 
the vehicle parameters. The pendulum angles of the spherical models are initialized at 𝜃𝜃 = 4°, the 
rotational angle 𝜙𝜙 = 45°, and the rotation rate x-axis is initialized at �̇�𝜙=10 (deg/sec). This will excite the 
pendulum swing and vortex motions.  



 

Figure 27 Vehicle Dynamics in the Simulink Model. It Includes the Flixan Vehicle State-Space System with Structural Flexibility 
and the Two Spherical Pendulum Models for the LOX and LH2 Tanks 



 

Figure 28 Spherical Pendulum Subsystem in Simulink which Includes the Matlab Function 



 

Figure 29 Function “Spherical_Pend” that Codes the Equations of Motion of the Spherical Pendulum in Matlab  



Reaction Control System 

The RCS control system block activates the 8 jets for roll control and it is shown in detail in Figure-17. The 
logic uses phase-plane and a jet selection logic to determine which jets to fire in order to correct attitude. It 
activates only 0 to 4 jets at a time (out of 8 available) as a function of rate and attitude errors. The RCS logic 
consists of two Matlab functions: the phase-plane and the jet-select logic, which are shown in Figure-18. 
The 8 output thrust forces (0 or 2.7 lbf) firing along ±Y axis and ±Z axis, are converted to 4 bidirectional 
throttles ±2.7 (lbf) which are inputs to the 4 throttles of the Flixan vehicle because it accepts also negative 
forces. Note, one bidirectional jet represents two real back-to-back firing jets. 

Simulation Results 

We will now use the two Simulink models that include the spherical pendulum equations to analyze 3 
special cases, compare results, obtain conclusions that could not be investigated by using classical linear 
control analysis, and determine the required damping for baffles that will produce acceptable performance 
even with unstable slosh. 

Case-1: PID versus H-Infinity  

We will first compare the model “Stg2_NonLin_Sim_Pid.slx” that uses the classical PID controller against 
the model “Stg2-NonLin_Sim_Hinf.slx” that uses the H-infinity controller to prove that the H-infinity 
controller is still superior to the PID, even when using the non-linear pendulum model and non-linear 
actuators. Both models are initialized with the same pendulum angles and commanded to perform ±5° 
attitude maneuvers. The control systems are controlling all 3 axes, roll, pitch and yaw. The pitch and yaw 
controllers are identical. The roll axis is using the RCS jets and the roll attitude and rate responses (shown in 
blue) are jumpy because of the jet firing. The PID controller is unstable, as expected, in pitch and yaw, and 
the divergence reaches unacceptably high amplitudes. The H-infinity controller stabilizes the slosh modes 
and the oscillations decay. Figures (30.1 to 30.7) compare results between the unstable model (top figures) 
against the stable H-infinity model (bottom figures). 



 

Figure 30-1 Attitude Response to Commanded Values. The PID System Diverges, the H-Infinity is Stable, the Oscillations Decay 
and the Attitude Converges to Commands. The Roll Axis (Blue) is Controlled by RCS Jets  



 

Figure 30.2 The Body Rates of the H-Infinity System Converge Towards Zero. The PID System is Unstable 



 

Figure 30.3 Attitude Error Magnitudes in Logarithmic Scale 



 

Figure 30.4 Engine Gimbal Deflections in (deg) 



 

Figure 30.5 LOX and LH2 Slosh Forces Against the Tank 



 

Figure 30.6 Slosh Mass Normal Deflections Along the Y and Z Axes 



 

Figure 30.7 The Slosh Mass Deflections in the Unstable Model Above Reach Almost to Maximum (3 .6 feet) which is almost 
θ =90°. They Decay in the Stable Model Below 

 

 

  



Case-2: Increasing the PID Damping  

The next step is to use the PID/ spherical pendulum simulation to demonstrate that increasing damping in 
the tank improves performance even with phase-unstable slosh and the spherical pendulum model can be 
used to determine the amount of damping and number of baffles necessary to achieve satisfactory 
performance. The H-infinity requires knowledge of the slosh frequency which is not a very robust solution 
when you are not sure about it. You can even make it worse if you design around the wrong frequency. The 
simulation “Stg2_NonLin_Sim_Pid.slx” is used to determine how much baffles we need to add in order to 
survive with a PID controller and unstable slosh. We don’t want to add too many baffles in the tanks 
because of weight, so we will have to tolerate a certain amount of oscillation in attitude, gimbals, and 
rates. Adding baffles around the tank walls (like shelves) effectively increases the damping coefficient and 
slightly reduces the pendulum length to the point that the instability converges to a limit-cycle that can be 
tolerated performance wise. This information cannot be obtained from the linear model because it is still 
unstable even with increased damping, although less. In this case we increased zeta from ζ=0.002 to 
ζ=0.02, shortened the pendulum length from lp=3.68 to lp=2.7, with an initial pendulum angle θ=4°, lateral 
angle φ=45°, and a small spin rate �̇�𝜙 = 10 (deg/sec). This mechanical modification makes the oscillation 
levels acceptable even when using the PID controller which was unstable before.  

 

Figure 31.1 The PID Attitude Oscillations Now Converge to Small Limit Cycles Because the Damping was Increased 



 

Figure 31.2 Attitude Errors and Body Rates Oscillate Around Zero with Small and Acceptable Amplitudes  



 

Figure 31.3 Slosh Mass Oscillatory Displacements Ys and Zs inside the tanks, along the Y and Z axes are Small and Steady 



Case-3: Vortex Instabilities Using the PID  

Another advantage of using the spherical pendulum simulation is to analyze the control system’s 
robustness to vortex type of slosh instabilities where the slosh masses are swirling around inside the tank 
leading to large oscillations. Unacceptable instabilities can occur when the slosh mass develops a high spin 
rate �̇�𝜙 around the tank x-axis, pushing against the tank wall and producing high centripetal disturbance 
forces that couple with the TVC control system and become further excited to unacceptable amplitudes.  

We are curious to examine the amount of slosh mass vortex rates that can be tolerated by the control 
system before they diverge to very large oscillation amplitudes. What happens when you increase the mass 
angular rate around the tank? Will the control system be able to stand against this vortex type of 
disturbance, decay and converge to an acceptable limit-cycle or is it going to diverge further? We want to 
pursue the latter case so we initialize at a very high spin rate �̇�𝜙=600 (rad/sec) and a bigger pendulum angle 
θ=50°. Everything else is the same as in Case-2 that uses the PID controller. The simulation results in Figures 
(32.1 to 32.4) show that the oscillations do not decay even though the damping is pretty high but they 
diverge to higher pendulum angles and unacceptable amplitudes. This is caused by the dynamic coupling of 
slosh with the control system.  

 
Figure 32.1 The Attitude Oscillations Converge to Unacceptably High Lint-Cycles 



 

Figure 32.2 The Body Rates and Gimbal Deflections Oscillate at Steady but Very Large Amplitudes 



 
Figure 32.3 The LOX Slosh Mass Deflections Oscillations are approaching to almost Max Amplitude 2.7 (feet) because LOX is 
the Unstable Mode. This is like a pendulum angle θ = ±70°. The LH2 Mode is Stable but it is excited by the LOX Oscillations.  



 

Figure 32.4 Pendulum Displacements Ys and Zs perpendicular to the Tank Centerline. It shows large deflections of more than 2 
(feet). They cannot exceed 2.7 (ft) because this corresponds to θ = ±90° 



 

 
 
In this example we will use the H-Infinity method and tools to design the control system of a large and 
flexible Space Station that is in orbit around the earth. It has a circular orbit and its attitude is maintained 
constant relative to the Local Vertical Local Horizontal (LVLH) frame, where the x-axis is in the direction of 
the velocity vector, the z-axis is pointing towards the earth’s center and the y-axis towards the right solar 
array. The Space Station consists of a truss structure, some attached modules for the crew, equipment, 
experiments, etc. which are located near the center of the structure, and two rotating solar arrays which 
are pointing to the sun and complete one rotation per orbit relative to the station. The attitude is 
controlled by reaction jets (RCS) and control moment gyros (CMGs) depending on the operations. In the 
mode of operation that we will analyze, the attitude control system uses only CMGs to provide torques that 
stabilize the spacecraft and maintain a steady attitude relative to the LVLH. The CMGs are momentum 
exchange devices located near the center of the structure but they have limited torque and momentum 
capability. The CMG torque in this situation is not used to maneuver the spacecraft attitude but to keep it 
constant under the influence of cyclic aerodynamic torque disturbances which occur at orbital rate. The 
momentum is the integral of torque, which means, that the CMGs can only supply torque for a limited 
amount of time before they saturate and when they do, their supplied torque drops to zero and they must 
be desaturated by applying a torque on the vehicle in the opposite to the saturation direction. Momentum 
dump is achieved either by firing RCS jets or by using gravity gradient torque.  
 
The aero disturbances consist of steady torques combined with cyclic components which excite the 
spacecraft attitude to oscillations. To react against the steady torques the spacecraft attitude must be 
adjusted in order to produce gravity gradient torques that counteract the bias torque. This adjustment 



must be performed by the control system. The cyclic disturbance torques must also be counteracted by the 
control system. There are two frequency components associated with the disturbances: one is at orbital 
rate ωo due to the difference in atmospheric density between the sunny and the dark sides of the earth and 
the second component is at twice the orbital rate 2ωo produced by drag variation due to the rotation of the 
solar arrays.  
 
In Section-1 we will design a control system that stabilizes the spacecraft attitude and uses gravity gradient 
to manage the CMG momentum. By managing the momentum, we mean preventing the CMGs from 
reaching saturation and allowing the torque and momentum of the CMG cluster to cycle about a zero 
average as they react against the cyclic aero disturbances. In this mode of operation, the attitude converges 
to the Torque Equilibrium Attitude (TEA), which is the orientation at which the secular (non-cyclic) aero 
torques are balancing against the gravity-gradient torques. In Section-2 we will include structural flexibility 
in the model, analyze stability, design bending filters, and demonstrate the momentum management 
concept by simulating the spacecraft response to aerodynamic disturbance torques using the same linear 
model with flex modes. In Section-3 we will demonstrate the ACS design on a 6DOF simulation in Simulink 
using non-linear equations of motion. 
 
1.1 Spacecraft Equations Orbiting Earth in the LVLH Frame  

The linearized Equations 1.1 are derived from the non-linear Equations 3.1 and they describe the space-
station motion in the LVLH frame. The body rates are replaced with LVLH rates and this model will be used 
for the control design and linear simulations. The equations include gravity gradient torque which is 
calculated from the spacecraft LVLH attitude (φ, θ, ψ). The inputs are control torque Tc and disturbance 
torque Td. There is also a bias torque caused by the cross-products of inertia. The CMG momentum (hx, hy, 
hz) and momentum integral are also included in the design model in order to control the CMG momentum. 
The 12 spacecraft states are: LVLH rates, LVLH attitudes, CMG momentum, and CMG momentum integral.  
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Equation 1.1 Dynamic Equations Linearized in the LVLH frame 
 
 
  



1.2 Momentum Stabilization Using Gravity Gradient Torques 

When the vehicle average attitude is at the TEA, the external aero and gravity torques balance out, the 
CMG momentum oscillates but it does not diverge to saturation. The momentum is cyclic because the 
control torque is cyclic because it counteracts cyclic disturbances. The purpose of the attitude control 
system is not to command the spacecraft attitude but to stabilize it at the TEA and to attenuate the 
attitude oscillations which are caused by the aerodynamic disturbances. It also stabilizes the CMG 
momentum. This is accomplished by including feedback from the CMG momentum in order to prevent it 
from diverging. The attitude in this case is allowed to drift and it naturally converges to the TEA because 
this is the attitude where the external torques balance and the momentum does not diverge. Momentum 
feedback plus additional momentum integral feedback produce zero average momentum as it oscillates 
around zero. This is a continuous momentum desaturation process and it is very attractive because it does 
not require RCS propellant but it uses gravity gradient to adjust the spacecraft attitude to prevent the CMG 
momentum from building up. It requires, however, sufficient knowledge of the vehicle dynamics and its 
mass properties for the derivation of the control gains.  
  
1.3 Control Design Model 

The H-infinity method will be used to design the state-feedback gain matrix that stabilizes this highly 
coupled dynamic system. The vehicle design model won’t be decoupled into pitch and lateral, as we do in 
other examples, but a single controller gain matrix will merge all 3 axes by receiving feedback from all 
coupled vehicle states, stabilizing not only attitude but also the CMG momentum. In order to synthesize the 
H-infinity controller, we must first create the design model from Equations 1.1 and then the 9-matrices 
Synthesis Model. The design model is shown in Figure 1.1. It consists of the vehicle equations augmented 
with momentum integrators and two additional filters. 
 

 
Figure 1.1 Control Design Model 



 
The purpose of the disturbance filters is to attenuate the two disturbances which occur at constant 
frequencies ωo and 2ωo. They are 2nd order resonances which are tuned to those frequencies and they 
introduce 4 additional states in the design model, a total of 16 states. The two filter resonances are excited 
by the vehicle rates because the rates are sensitive to the disturbances. They amplify the system’s response 
at the disturbance frequencies and the filter states are penalized by the optimization algorithm, and hence, 
the derived control system reduces sensitivity at the disturbance frequencies. Each filter is excited by rates 
from all 3 directions. The 9-matrices Synthesis Model is created from the design model via an interactive 
process that has been described in other examples. It includes control design parameters in addition to the 
vehicle dynamics. The analysis files for this section are in folder “Flixan\Control Analysis\Hinfinity\ 
Examples\ 6-Space Station Attitude & Momentum Control Design\1-Hinfinity Control Design”. The Flixan 
input file “Space_Station-1.Inp” includes the vehicle dynamics and creates the space-station system, the 
design and synthesis models and also computes the H-infinity controller which is saved in m-file Kpqr. The 
systems are saved in file “Space_Station_1.Qdr” and they are also converted and loaded into Matlab. 
 
1.4 Input File 
 
There are two batch sets in the input file which are very similar. The first one “Batch-1 for Space Station 
Hinfinity Design, Creates New CSM” creates a new synthesis model using an already existing “Create CSM 
Design” set and overwrites the previous SM and controller. The second batch “Batch-2 for Space Station 
Hinfinity Design, Uses Old CSM” preserves and uses the previous SM to creates a new controller. The Flixan 
generated vehicle system is “Space Station with Double-Gimbal CMG Array (Rigid)”. The inputs are 3 
disturbance torques (roll, pitch, yaw) and 3 control torques in body axes from a 3-axes momentum 
exchange device with zero momentum bias. The vehicle attitude and rate outputs are set by the flag line to 
be in the LVLH frame. The next two datasets are used to remove the extraneous vehicle states and to 
transform the state-vector from body to LVLH in order to match the output vector for convenience, that is, 
C=I. The transformed vehicle title is “Space Station with Double-Gimbal CMG Array (LVLH Plant)”. 
 

 
 



 

 

 



 
 
The two disturbance filters and the CMG momentum integrators are implemented in transfer-function 
form and converted into state-space. They are combined with the vehicle system to create the augmented 
design plant “Augmented Design Plant with Filters and CMG Integral”. This system will be used to create 
the 9 matrices SM via the CSM creation dataset “Space Station Design System with Filters/SM-1” and it is 
saved in the systems file. The SM is finally used in batch mode to create the H-infinity controller by 
processing the H-infinity dataset “Station H-Infinity State-Feedback Control Design” which is set up to 
produce a state-feedback controller (not dynamic) using the asymptotic algorithm (2). The (3x16) controller 
matrix Kpqr is saved in the systems file under the title “Hinf State-Feedback Gain Matrix”. The vehicle 
systems and controller gain are also converted into Matlab format and used in the analysis. 



 

 

 
  



 



1.5 Systems File 
 
The systems file “Space_Station_1.Qdr” is big and we are only showing the Synthesis Model consisting of 9 
matrices: {A, B1, B2, C1, C2, D11, D12, D21, D22} and the controller gain matrix Kpqr created by the H-infinity 
program. 

 



 



 



 
  



The scaling gains for the excitation inputs and the performance criteria are shown on the right side of the 
corresponding variables. They are design parameters which are defined by the designer and they trade 
control bandwidth versus performance and stability margins. The measurements noise in this example is 
set to zero because we are designing state-feedback controller without an estimator. 
  

 
1.6 Interactive Control design 
 
The H-infinity design can also be processed interactively where we can see the Synthesis Model in graphic 
form and the closed-loop system poles, see Figure 1.2. 

 

 



 

Figure 1.2 Synthesis Model with Scaling Gains in Graphic Systems Form and Closed-Loop Poles 



1.7 Simulation Models 

Figure 1.3 shows a simple simulation model “Simple_Sim.slx” that includes the augmented system 
“Augmented Design Plant with Filters and CMG Integral” from file “augm_plant.m”. It is used during the 
design process to test the control gains and optimize the system performance while adjusting the H-infinity 
scaling parameters. The file “init.m” is used to load the vehicle and control systems into Matlab and to 
initialize the simulation models. The augmented 16-state vector is fed back via the (3x16) state-feedback 
gain Kpqr to produce the CMG control torque TC that controls the spacecraft in roll, pitch and yaw.  

 

Figure 1.3 Simple Simulation Model “Simple_Sim.slx” Used for Preliminary Control Evaluation 

 

A better closed-loop simulation model is in file “Sim_TEA_Rigid.slx” shown in Figure 1.4, which includes the 
vehicle system “Space Station with Double-Gimbal CMG Array (Rigid)” in file “vehicle_rigid.m” and it is used 
to analyze the system’s response to cyclic disturbances Td. The momentum integrators and the two 
disturbance augmentation resonances, that were included in the design model, are now becoming filters 
and they are part of the attitude control system. The green spacecraft subsystem is shown in detail in 
Figure 1.5 which includes also the CMG dynamics implemented as 2nd order transfer-functions. The output 
attitude and rates are in the LVLH frame. The bias torque due to the cross-products of inertia is also 
included as external torque of 7.4015 (ft-lb) along the direction: (0.19697, -0.59637, -0.77816) which is 
specified in the vehicle input dataset. 
 



 

Figure 1.4 Closed-Loop Simulation Model “Sim_TEA_Rigid.slx” 

 

Figure 1.5 Vehicle Block uses the Flixan Generated Rigid Vehicle System “Space Station with Double-Gimbal CMG Array (Rigid)”  



1.8 Attitude Control System Stability  

The Stability of the system is calculated using the open-loop model “OpenLoop_TEA_Rigid.slx”, shown in 
Figure 1.6. It has the control loop broken at the CMG control torque input. The frequency response for each 
axis is calculated separately by opening one loop at a time and closing the other two. In the configuration 
shown below, the Simulink model is set up for analyzing roll stability. The Matlab file “freq.m” calculates 
the frequency responses separately for each axis. The Nichols plots for the roll, pitch and yaw axes are 
shown in figure 1.7. All axes are stable with plenty of margins. 

 

Figure 1.6 Open-Loop Analysis Model “OpenLoop_TEA_Rigid.slx” 

 



 

Figure 1.7 Nichols Charts Show Plenty of Stability Margins in All 3 Axes 

 
The filters introduce low-damped modes at the two disturbance frequencies ωo and 2ωo which eventually 
produce the expected disturbance attenuation at those frequencies when the control loops are closed, as 
we shall see in the sensitivity analysis.   

  



1.9 Sensitivity Analysis to Disturbances  
 
Sensitivity analysis of the CMG control system to disturbances is performed to analyze the spacecraft 
response to external excitations. The Space Station must provide a “disturbance free” environment for 
micro-gravity experiments. Sensitivity analysis in the frequency domain using singular value plots is a good 
indication of the amount of disturbance isolation achieved between external excitation and sensors. In this 
case, between the disturbance torque Td and the rate measurements.  

  
Figure 1.8 Sensitivity Analysis Model “Sensitiv_Rigid.slx” 

 
The closed-loop model “Sensitiv_Rigid.slx” in Figure 1.8 is used by the same script “freq.m” to calculate the 
Singular Values frequency response (sigma) between the disturbances Td and the LVLH rate outputs wlv 
which is shown in Figure 1.9. Notice the very sharp reduction in the sensitivity response, two deep and 
narrow notches, occurring at the two disturbance frequencies. It means that the disturbance attenuation 
achieved by the filters is strong at those frequencies. The 3 curves shown in the sigma-plots are because 
the response is calculated from a 3-vector input to a 3-vector output and, therefore, there are 3 SV (sigmas) 
generated at each frequency point. In this case we care more about the biggest value because it represents 
the maximum amplification between input and output. 



 
Figure 1.9 Sensitivity of Vehicle Rate to Disturbance Torques  

 
1.10 Simulation 
 
We will now use the simulation model “Sim_TEA_Rigid.slx” to calculate the system response to the 
aerodynamic disturbances Td which is cyclic with two frequency components and a bias torque, as shown 
in Figure 1.10. 
 

 
Figure 1.10 Aerodynamic Disturbance Torque in Roll, Pitch and Yaw 

 
 



 
Figure 1.11 LVLH Attitudes and Rates Responding to the Cyclic Disturbance Torque 

 
In Figure 1.11 the attitude and rate responses to the oscillating disturbance are initially very large. 
Eventually the filters are tuned-in to the disturbance and they produce the oscillatory torques necessary to 
counteract it. At steady-state the attitude oscillations are very small, less than 0.6°. It takes, however, 
about a day to tune. In Figure 1.12 the CMG torque at steady-state is oscillating between ±3 (ft-lb). The 
phasing of the oscillations is automatically adjusted to attenuate the disturbance. The momentum is also 
oscillating symmetrically about zero and it does not diverge, but it is below 3,000 (ft-lb-sec). The y and z 
accelerations at 2 vehicle locations are also shown. 



 
Figure 1.12 CMG Torque and Momentum Responses 

  



2.0 Analysis with Bending Modes  

To validate the ACS design, we must also analyze the system with structural modes obtained from a finite 
elements program. In this section we will include 34 flex modes into the Flixan vehicle model and use the 
same state-feedback controller designed in Section-1 to analyze open-loop stability and the closed-loop 
system response to disturbances. Bending filters will also be included in the control system to improve the 
stability margins. Two additional systems will be created in the Flixan files: an open-loop system for stability 
analysis and a closed-loop system for simulations.  

2.1 Input Data File  

The analysis files for this section are in folder: “Flixan\ Control Analysis\Hinfinity\Examples\6-Space Station 
Attitude & Momentum Control Design\2-Linear Analysis with Flexibility”. The Flixan input data file is 
“Space_Station_2.Inp”. It includes datasets containing the vehicle dynamics, CMG and sensor dynamics, flex 
modes, filters, and also creates the open-loop and closed-loop systems. It begins with a batch dataset that 
processes the datasets in batch mode and saves them in in file “Space_Station_2.Qdr”. They are also 
converted into Matlab format for analysis. There are two vehicle datasets: a rigid and a flex with 34 
bending modes. The controller matrix Kpqr from Section-1 is retained in the systems file. 

 



 



 

These are the two disturbance filters and the CMG momentum integrators that were described in Section-
1. The bending filters are also implemented in transfer-function form. 



 



 



 

The CMG dynamics are implemented as 2nd order transfer-functions of 2 (rad/sec) bandwidth “CMG 
Dynamics”. One transfer-function per axis. The rate-gyro dynamics are also implemented as 1st order filters 
of 8 (rad/sec) bandwidth, “Rate Gyros”. The bending filters and the CMG dynamics are combined together 
into this intermediate system “State-Feedback, Filters, CMG”. 

The flex vehicle “Space Station with Double-Gimbal CMG Array (Flex)” is then combined with the 
disturbance filters, integrators and the rate gyros to create this system: “Vehicle with Integrators and 
Disturbance Filters”. 

The two systems: “Vehicle with Integrators and Disturbance Filters” and “State-Feedback, Filters, CMG” are 
finally combined together to create two new systems: “Open-Loop System” and “Closed-Loop System” 
which are also exported into Matlab for stability analysis and simulations. 

  



 



 

The closed-loop system will be used for simulations. Its inputs are: 3 disturbance torques in roll, pitch and 
yaw, and one bias torque. The direction of the bias torque is (0.19697, -0.59637, -0.77816) which is defined 
in the vehicle data file. The bias torque is caused by the cross-products of inertia. It does not affect stability 
or performance but it affects the torque equilibrium attitude (TEA). If you don’t include it, the steady-state 
response won’t match the response obtained from the non-linear simulation. The open-loop system has all 
3 control loops opened at the CMG torque inputs. It will be used for stability analysis by opening one loop 
at a time and closing the other two. 



 

The modal data set is already selected from the finite elements model output and properly scaled to match 
the vehicle parameters. They are included at the bottom of the input file and the dataset title “Space 
Station 34 Flex Modes with Double-Gimbal CMG Array” is also included at the bottom of the vehicle 
dataset.  



2.2 Stability Analysis 
 
The system stability is calculated using the open-loop model “OpenLoop_TEA_Flex.slx”, shown in Figure 2.1. 
It includes the bending filters and it has the control loop broken at the CMG control torque input. The 
initialization file loads the systems and the state-feedback matrix Kpqr into Matlab. The frequency response 
for each axis is calculated by opening one loop at a time and closing the other two, as shown for roll. The 
Matlab file “freq.m” calculates the frequency responses for each axis.  

 

Figure 2.1 Stability Analysis Model “OpenLoop_TEA_Flex.slx”  



The flex spacecraft dynamics block is shown in detail in Figure 2.2. It includes the CMG dynamics and the 
Flixan generated vehicle system “Space Station with Double-Gimbal CMG Array (Flex)” that was saved in file 
“vehicle_flex34.m”.  It is similar to Figure 1.5 but it includes a transformation which is needed to convert 
the body rates with flexibility (outputs: 12,13,14) to LVLH rates with flex, because the controller gain Kpqr 
was designed to feed-back LVLH rates. In Figure 1.5 the rigid rates are already in the LVLH.  

 

Figure 2.2 Flex Vehicle Block Includes the Flixan System from file “vehicle_flex34.m” 

The Bode and Nichols plots are shown in Figures 2.3 to 2.5. There is sufficient gain and phase margins in all 
3 axes and all modes are gain stabilized with more than 20 (dB) gain margin. Filter resonances at the 
disturbance frequencies, ωo and 2ωo are introduced by the two disturbance filters. 

  



 

Figure 2.3 Roll Axis Stability 



 

Figure 2.4 Pitch Axis Stability, Shows Resonances at ωo and 2ωo Introduced by the Disturbance Filters. 



 

Figure 2.5 Yaw Axis Stability 

  



 
 
Figure 2.6 Frequency Response m-file “freq.m” 

 
2.3 Sensitivity to External Disturbances 
 
The sensitivity analysis model “Sensitiv_Flex.slx” is similar to the rigid model “Sensitiv_Rigid.slx” in Figure 
1.8 but it includes the vehicle system with flexibility. It is used to analyze the rate sensitivity to disturbance 
torques as it was described in Section 1.9. Figure 2.7 shows the sensitivity response with flex modes. It is 
obtained by running the script “freq.m” which calculates the Singular Values frequency response (sigma) 
between the disturbances Td and the LVLH rate outputs ωlv. The disturbance due to the flex modes 
excitation is significant in the frequency range between 1 and 10 (rad/sec). In the low frequency region, the 
sensitivity is similar to Figure 1.9 with two sharp notches at the disturbance frequencies. 

 

Figure 2.7 Rate Sensitivity to Disturbance Torques 



2.4 Simulation Model 

The simulation model “Sim_TEA_Flex.slx” is shown in Figure 2.8. It is similar to “Sim_TEA_Rigid.slx” but it 
includes the flex vehicle system “vehicle_flex34.m” and the bending filters, Fig. 2.9. Also, the momentum 
integrators and the disturbance filters. It is excited by the aero torques and the bias torque. 

 

Figure 2.8 Simulation Model “Sim_TEA_Flex.slx” 

 

Figure 2.9 Bending Filters 

   



2.5 Simulation Results 

The simulation results in Figure 2.10 obtained from the simulation model “Sim_TEA_Flex.slx” are identical 
to the rigid-body results in Figure 1.11. 

 

 

Figure 2 LVLH Attitude Converges to the TEA and CMG Torque and Momentum Oscillate Around Zero  



2.6 Analyzing the Flixan Generated Open and Closed Loop Systems 

Similar stability analysis and simulation results can be obtained by using the “Open-Loop System” and the 
“Closed-Loop System” that were combined together by the Flixan program. They are implemented in 
Simulink models “Open_Loop_Flixan.slx” and “Closed_Loop_Flixan.slx”. They were used to validate the 
previous Simulink models. 

 

Figure 3 Open-Loop Stability Analysis Model “Open_Loop_Flixan.slx” Using the Flixan Generated “Open-Loop 
System”. Configured for Pitch Analysis 

 
Figure 4 Simulation Model “Closed_Loop_Flixan.slx” Using the Flixan Generated “Closed-Loop System”. 

  



3.1 Non-Linear Simulation 
 
The design is finally validated with a 6DOF simulation using Simulink. The non-linear equations 3.1 describe 
the Space Station rigid body dynamics in the LVLH frame which rotates at orbital rate. The spacecraft ACS 
attempts to keep a constant attitude relative to the LVLH. 
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Equation 3.1 Non-Linear Equations of Motion of a Spacecraft in the Rotating LVLH frame 
 
Where: ω is the spacecraft body rate (not LVLH), and ωo = 0.0011 (rad/sec) is the orbital rate. The first two 
non-liner terms on the RHS of the top moment equation are the gyroscopic and gravity gradient torques. Tc 
and Td are the CMG control and external disturbance torques applied to the spacecraft. The attitude 
kinematics equation calculates the Euler angles (φ, θ, ψ) relative to the LVLH frame by integrating the body 
rates ω. The spacecraft attitude is initialized in the LVLH frame and the pitch rate is initialized at -ωo 
(rad/sec). The CMG array provides the control torque Tc to the spacecraft in all 3 directions. An equal and 
opposite torque is applied to the CMG cluster. The bottom part of Equation 3.1 calculates the rate of 
change of the CMG momentum as a function of the CMG control torque Tc. 
 
The aerodynamic disturbance torque Td consists of steady torques and also cyclic components that excite 
the spacecraft attitude to oscillations. The cyclic components are due to variations in aero drag. There are 
two frequency components associated with the disturbance torques: one is at orbital rate ωo due to the 
difference in atmospheric density between the sunny and the dark sides of the earth and the second 
component is at twice the orbital rate 2ωo caused by drag variation due to the solar arrays rotation. There 
is less drag when the arrays are horizontal and more drag when they are vertical. The aero disturbance is 
stronger in pitch direction because the moment-arm distance between the vehicle CG and the center of 
pressure. The roll, pitch, and yaw disturbance torque Td used in the simulations is: 
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The Matlab analysis files for Section 3 are located in folder: “Flixan\Control Analysis\Hinfinity\ Examples\ 6-
Space Station Attitude & Momentum Control Design\3-Non-Linear 6DOF Simulation”. The non-linear 
Equations 3.1 are coded in Matlab function “Rigbod-Dynam-LVLH.m” which is included in the simulation 
model “Sim_NonLin_TEA.slx” shown in Figure 3.1. The inputs to the spacecraft system are: 3 CMG control 
torques Tc and 3 disturbance torques Td in roll, pitch and yaw. There are 15 outputs which are: 3 body rates, 
3 vehicle attitudes relative to the LVLH frame, the CMG momentum in body axes (3), the combined system 
momentum (3), and the 3 vehicle rates in the LVLH frame. The gravity gradient dynamics are calculated 
internally as a function of the Euler angles. The momentum integrators and the two filters are also included 
in the control law to complete the state vector for feedback via the gain Kpqr.  
 

 
Figure 3.1 6DOF Simulation Model “Sim_NonLin_TEA.slx” 
The simulation is initialized by the script “init.m” which loads the state-feedback matrix Kpqr and the 
spacecraft parameters. The vehicle dynamics function “Rigbod_Dynam_LVLH.m” which implements 
equations 3.1 is shown in Figure 3.2. It also calculates the transformation matrix CB2L which is used to 
transform the vehicle attitude and rate from body ω to LVLH frame ωlv. The function calculates the 
derivatives of the 9-state-vector which are updated by an integrator loop around the function.  
 

 



 
Figure 3.2 Equations of Motion Implemented in Function “Rigbod_Dynam_LVLH” 

 
3.2 Simulation Results 
 
The simulation results in Figure 3.3 show the Space Station response to the aero disturbances and 
demonstrate the capability of the control system to stabilize attitude and regulate the CMG momentum. 
The attitude is initialized at zero in the LVLH frame and the initial pitch body rate is set to negative orbital 
rate, that is (0, -ωo, 0)’. The spacecraft attitude responds to the cyclic aerodynamic disturbance and 
oscillates mainly in pitch. The disturbance filters are eventually tuned to the two disturbance frequencies 
and the CMGs react by applying a counteracting torque that attenuates the attitude oscillations to less than 
0.6° peak-to-peak. The attitude converges to the TEA which is (-0.5°, 6.3°, 3.0°) in roll, pitch and yaw, where 
the external torques balance in all directions. The CMG momentum after an initial transient it does not 
grow to saturation but it converges to a steady unbiased oscillation about zero. This is achieved by the 
feedback of CMG momentum and momentum-integral. The body rate and system momentum are 
negatively biased mainly in pitch because the spacecraft has a negative rate, which is mostly in pitch as it 
rotates at negative orbital rate. The rate also couples slightly in the other two axes because of the small roll 
and yaw Euler angles. 





 
Figure 3.3 6DOF Simulation Response to Aero Disturbance Torques 
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