
 

 
 
Introduction 
 
In this example we will analyze a two-stages launch vehicle similar to the one shown in the picture, from lift-
off to orbit insertion. We begin in Section-1 with a static analysis which is based on mass properties, trajectory 
and aero data to analyze the static stability and performance qualities of the vehicle, prior to design. In 
Section-2 we will design the first-stage control system and analyze the system stability at different flight 
conditions, including: lift-off, max-Q, and pre-separation. The Flixan program will be used to create the vehicle 
models including propellant sloshing and structural flexibility. In Section-3 we will design the control system 
during second stage and perform similar analysis including slosh and flexibility. In Section-4 we will analyze the 
system robustness to parameter uncertainties using µ-analysis. In Section-5 we introduce non-linear 
propellant sloshing models to analyze the effects of instabilities that were observed when using linear slosh 
models. In Section-6 we have included a 6DoF simulation model of the vehicle, from lift-off to orbit insertion, 
including detailed descriptions of the vehicle subsystems and the control system. 
  



1.1  First Stage Static Analysis 
 
Static analysis is used to analyze the vehicle quality in the static sense. If the vehicle has acceptable static 
qualities, like good controllability from the TVC engines against external disturbances, or that it’s not too 
aerodynamically unstable and the actuators won’t be able to catch-up with the divergence. The files for 1st 
stage static analysis are in folder “Examples\23-Classic Launch Vehicle Design & Simulation\1-Static 
Analysis\Stage-1”. It includes the aerodynamic data (.aero), the engine data (.engn), the vehicle mass 
properties (.mass), the first stage trajectory file (.traj), and the slosh parameters file (.slsh). We start the Flixan 
program and from the main menu we select “Program Functions” and then “Trim/ Static Performance 
Analysis”. From the files selection menu, we select the first stage files, click OK, and from the next menu select 
the default input and system filenames, and click on “Process Files”. 
 

 

  
 
The engines file “Stage-1.Engn” includes 9 engines. The 8 peripheral engines are TVC and they gimbal. The 9th 
engine at the center is fixed. It neither gimbals nor throttles. However, in this file we do allow a little room for 
throttling in order to match the thrust during trimming along the trajectory. The engines file assumes a fixed 
thrust but the actual thrust varies along the 1st stage trajectory file, we therefore allow the engines to throttle 
slightly for trim. But we ignore the throttling in the Flixan derived vehicle models. 



 
First Stage Engines File “Stage-1.Engn” 

 
Mass Properties File “Stage-1.Mass” 

 
Slosh Data File “Stage-1.Slsh” 

The mass properties file includes the vehicle moments of inertia and CG location as a function of vehicle mass 
at different propellant fill levels. The slosh file includes the 2 propellant slosh masses, 2 damping coefficients, 
and the two x, y, z locations as a function of the vehicle mass. The slosh mass location only varies along the x 
axis, y and z locations are zero. 
 
The Trim program main menu comes up and the first step is to take a look at the aero data, we therefore 
select the first option in the menu. From the next menu choose a flight condition in terms of Mach number, 
angles of attack and sideslip, and vehicle mass and click “Select”. Then choose to plot the pitch and lateral 
aero coefficients, click OK, and the program plots the aero force and moment coefficients versus α and β, at 5 
nearby Mach numbers for comparison. Similarly plot the pitch and lateral aero derivatives. 



 



 



 
  



Return to the Trim program main menu and select the second item to plot the first stage trajectory data 
versus time. This is the data from file “Stage-1.Traj”. The CG is not in the trajectory file but it gets calculated 
versus time from the mass properties. 

 
 

 



 



 



 



The next step is to select the 3rd option from the Trim menu which is to trim the TVC engines along the 
trajectory. That is, to calculate gimbal deflections and thrust variations required in order to balance the 
moments and the axial acceleration defined in the trajectory file. In the next menu you may choose an already 
existing trim file to initialize your trim process. If it is the first time, there won’t be any previous trim file and 
you can click on “Do Not Select” a previously created trim file. In the next menu select to balance the 3 
moments along the (α, β) angles defined in the trajectory, including to also match the acceleration along the 
vehicle x-axis. 

 

 



 
The above plots show the 3 residual moments and residual x-acceleration, which are zero as expected meaning 
that we were able to trim along the 4 desired directions by gimbaling and throttling the engines. As we said earlier, 
we allowed a little throttling in order to match the trajectory’s x-acceleration but not enough to produce 
differential throttling against the aero moments. This is done primarily by the TVC. 



 
The 8 peripheral engines are gimbaling in order to balance the aero moments. 



 
The engines are also allowed to throttle in order to match the trajectory’s x-acceleration. 
  



The next step is to analyze the vehicle static performance along the trajectory. That is, static stability and 
controllability analysis. This is option-6 from the Trim menu. First, we need a (25x4) mixing matrix to combine the 
25 controls (including throttling for now) with the 4 degrees-of-freedom that we are controlling (including axial 
acceleration control for now although it is not included in the design). We will temporarily allow the program to 
create an effector combination logic only for this analysis by allowing a full participation from all effectors. Next, 
we select a maximum 4° alpha/ beta dispersions and 30 (ft/sec) wind-gust variations, as worst possible 
disturbances along the trajectory. 

 



 
 
The above plot shows the static stability in pitch and yaw, which are the same because it is a cylindrical 
vehicle. It shows that the vehicle is statically unstable, as most launch vehicles are, and that it has a time-to-
double amplitude inverse of 2 sec-1, or a minimum T2= 0.5 sec, which is marginally acceptable for a launch 
vehicle, and it is occurring at Max-Q. It means that without controls, at Max-Q, it takes half a second for the 
angle of attack to grow from 1° to 2°. The third plot is used to evaluate the worst-case lateral loading due to 
angle of attack dispersions along the trajectory. It shows the Q-alpha and Q-beta combined, assuming that 
there are 4° αmax and βmax maximum dispersions along the entire trajectory. That is, in addition to the nominal 
α0 and β0 values. The worst loading is 450 (psf-deg) also occurring at max-Q. 
 
The next plot analyzes the authority of the control system to counteract the disturbance moment generated 
due to a ±4° dispersion in alpha or beta. It shows that only 32% of the max available control authority is 
needed at Max-Q to counteract the disturbance due to αmax = ±4°. The blue lines correspond to αmax and βmax 
having positive +4° values and the green lines correspond to αmax or βmax being negative, -4°. The control effort 
in the roll axis is zero because there is no aero disturbance to counteract in roll. The last plot shows the 
maximum angular accelerations produced when the controls are maximized in both positive and in negative 
directions. The max acceleration increases with time because the vehicle weight is reduced, and there is more 
acceleration in roll because the moment of inertia is smaller. 



 



One of the features of the Trim program is the ability to create linear systems along the trajectory provided. It 
is selected from option-5 which plots the trajectory data versus time. Then go to the menu bar which is above 
any of the trajectory plots, click on “Graphic Options” and select “Select Time to Create State-Space System”. 

  



Then using the mouse, move the cursor along any of the plots, select a time point to create the linear model 
and click at the selected time point, let’s say at 60 sec. The program will find the nearest trajectory time point 
and ask for a confirmation. If you accept the selected time the program will display the flight vehicle modeling 
program dialog where you can inspect the vehicle parameters, enter a title, and modify some of the 
parameters, as necessary, before saving it. The state-space model can be created by clicking on the “Run” 
button to process the vehicle parameters. But we are not do that right now. Instead, we will save the data in 
the input file (.Inp) that was selected in the beginning of the program, make the necessary additions, if any, 
and we will process the it later. We therefore click on “Save in File” for now, to save the flight vehicle dataset 
in the input file. 

 

 
  



Another useful option for launch vehicle design is the vector diagrams that demonstrate the effector TVC 
controllability using 2-direction vector diagrams. Select option-11, and in the dialog below enter the flight time to 
analyze the controllability. From the following menus the user selects the flight condition in terms of α & β, Mach 
number and vehicle weight. The default values correspond to the selected flight time. 

 



Next, the user is requested to select or to allow the program to create an effector combination matrix and to 
define the external disturbances. We select a maximum 4° alpha/ beta dispersions and 30 (ft/sec) wind-gust 
variations as worst possible disturbances along the trajectory. 
 

 
 
The green and blue vectors in Figure 1.1a show the maximum roll and yaw accelerations that can be obtained by 
maximizing the roll and yaw TVC controls. They are orthogonal and pointing along the expected directions, without 
any cross-coupling between the axes. There is more acceleration available in roll which is consistent with the 
previous results. Figure 1.1b shows also the side acceleration �̈�𝑦. Positive yaw control produces negative side 
acceleration. The red vectors show the acceleration effects due to βmax = ±4° disturbance which produces negative 
yaw and �̈�𝑦 accelerations but it does not couple into roll. The disturbance vector is significantly smaller than the yaw 
control vector, which means that the vehicle has sufficient control authority to counteract the βmax dispersion. 
 
The green and blue vectors in Figure 1.2a show the roll and yaw control moment partials. That is, the moment per 
roll control deflection and the moment per yaw control deflection. The two vectors are orthogonal and pointing in 
the corresponding directions, no cross-coupling between roll and yaw. There is more yaw moment produced per 
yaw control deflection because the yaw inertia is a lot bigger and the wind disturbance affects only yaw. Figure 
1.2b includes the side-force partial CY per yaw control deflection, which is negative. The red vectors in Figure 1.2 (a 
& b) are the moment and CY force partials per sideslip angle β. It is in the negative yaw direction, that is, positive 
beta produces negative yaw moment. It also has negative Cyβ and Cnβ which means that the vehicle is unstable in 
yaw. The red vector however is much smaller in magnitude than the blue control partial which means good yaw 
controllability. 
  



 
Figure 1.1 Roll and Yaw Acceleration Control Authority 



 
Figure 1.2 Roll and Yaw Control Moment Partials Versus Beta Partials 

  



 

Figure 1.3 Roll and Yaw Accelerations per Acceleration Commands 

Figure 1.3 shows the accelerations in roll and yaw per acceleration demands that can be achieved in roll and yaw 
by using the previously computed TVC effector combination matrix. It looks like an ideal situation where the 
accelerations achieved are identical to the commanded accelerations, unit vectors and orthogonal to each other. 

Figure 1.4a shows the maximum pitch and normal accelerations produced by maximizing the pitch TVC control in 
both positive and negative directions. We only have one control in this diagram which is pitch TVC. There is no 
second vector because we do not control the z-acceleration. It shows that the pitch TVC also produces z-
acceleration. The red vector shows the acceleration effect from αmax = 4° disturbance which produces positive 
pitch and negative �̈�𝑧 accelerations. The disturbance vector is a lot smaller than the pitch control vector, which 
means that the vehicle has sufficient control authority. 

Figure 1.4b shows the moment partials. The blue vector is the pitch moment and normal force CZ per pitch control 
deflection, and the red vector represents the pitch moment and normal force partial per angle of attack α. Czα is 
negative and Cmα is positive which indicates that the vehicle is statically unstable also in pitch. The disturbance 
partial however red vector is a lot smaller than the pitch control partial blue vector which means that the vehicle 
can be controlled. 



 

Figure 1.4 Pitch Controllability Versus Pitch Disturbance 

  



1.2  Second Stage Static Analysis 
 
During second stage the vehicle has only one TVC engine and roll control is accomplished by using 4 
bidirectional RCS jet pairs located around the main engine. The aerodynamic effects are small during 2nd stage 
and static controllability will be analyzed relative to external disturbance torques in roll, pitch and yaw which 
are produced mostly due to thrust vector misalignment with the vehicle x-axis. 
 
The files for 2nd stage static analysis are in folder “Examples\23-Classic Launch Vehicle Design & Simulation\1-
Static Analysis\Stage-2”. It includes the aerodynamic data “Stage-2.aero” which are at much lower dynamic 
pressure now, the engine data “Stage-2.engn” which includes the TVC engine and the 4 RCS jets, the 2nd stage 
vehicle mass properties “Stage-2.mass”, the 2nd stage trajectory file “Stage-2b.Traj” which includes also the 3 
disturbance moments on the right side, and the slosh parameters file “Stage-2.slsh”. We start the Flixan 
program as before and select the Trim option “Trim/ Static Performance Analysis”, as shown. From the files 
selection menu, select the second stage files, click OK, and from the next menu select the default input and 
system filenames, and click on “Process Files”. 
 

 

  
 
  



The engines file “Stage-2.Engn” includes the main TVC engine and the 4 RCS thrusters. Note, that the thrusters 
are bidirectional and they can produce ±3 (lbf) of thrust, which in essence each thruster consists of two back-
to-back jets. The thrusters are not gimbaling but only throttling between zero and ±3 (lbf). The main engine is 
30,000 (lbf) and it is gimbaling in pitch and yaw. However, like in first stage, we do allow a little room for 
throttling in order to match the acceleration when trimming along the trajectory, but we are ignore the 
throttling in the Flixan derived vehicle models. The mass properties and slosh data files are shown below. 
Their format is similar to the first stage. 

 
Second Stage Engines File 

Second Stage Mass Properties 

 
Second Stage Slosh Parameters 

  



From the Trim program main menu we select the first option to take a look at the aero data and from the next 
menu we choose a flight condition in terms of Mach number, angles of attack, sideslip, and vehicle mass. 

 



 



 



Return to the main menu and select the second item to plot the first stage trajectory data versus time. This is 
the data from file “Stage-2b.Traj”. It includes the disturbance torques due to the thrust vector misalignment. 
The CG is not in the trajectory file but it is calculated versus time from the mass properties. The XCG transient 
at t=206 sec is caused by the fairing separation. 

 



 



  



 
  



The next step is to trim the TVC engine and the RCS along the trajectory in order to balance the external 
moments and axial acceleration. That is, the aerodynamic torques which are small and they only occur in the 
beginning of the 2nd stage, end the external torques which are constant and they are included in the trajectory 
file. Select the 3rd option from the Trim menu, then click onto “Do Not Select” a previously created trim file, 
and from the next menu select to balance the 3 moments along the (α, β) angles, including to also the x-
acceleration from the trajectory. 
 

 

 
 
The next two plots show the 3 residual moments and residual x-acceleration which are zero as expected. It means 
that we were able to trim along the selected 4 trim directions by gimbaling and throttling the engine and the RCS 
jets. A little throttling of the TVC engine was introduced in the engine data, in order to match the trajectory’s x-
acceleration. We couldn’t use the RCS jets to trim along x because they are only throttling along y and z for roll 
control. 
 
The next plot shows the TVC engine pitch and yaw gimbal deflections and thrust. The small deflections are needed 
to balance the 1,000 (ft-lb) external torques in pitch and yaw. The main engine thrust-1 value is adjusted by 
throttling to a steady value of 30,000 (lbf) in order to match the x-acceleration. The next plot shows the 4 RCS 
thrusts, numbers (2,3,4,5). In addition to the discrete pulses used to trim along the trajectory, their thrusts are 
biased in order to produce the roll torque necessary to counteract the external 10 (ft-lb) roll disturbance.  
 





 
  



The next step is to analyze the vehicle static performance along the trajectory. A (7x4) mixing matrix is calculated 
to combine the 7 controls (including throttling) with the 4 degrees-of-freedom to be controlled (including the axial 
acceleration for now). We will allow the program to create an effector combination logic by allowing a full 
participation from all effectors. Then, we select a maximum 4° alpha/ beta dispersions and 30 (ft/sec) wind-gust 
variations, as worst possible disturbances along the trajectory. 
 

 
 
The next plot shows the T2-inverse parameters, which measure static stability in pitch and yaw. They are the 
same because it is a cylindrical vehicle. The vehicle is statically unstable but the instability is very slow. The 
time-to-double amplitude after stage-1 separation is 4 sec and it keeps getting longer as the dynamic pressure 
and the T2-inverse parameter approach zero. The third plot shows the “Q-alpha/ Q-beta” parameter which is 
used to analyze the lateral loading caused by angle of attack dispersions. It is assumed that αmax and βmax 
dispersions are 4° along the entire trajectory. The worst-case loading in this case is only 2 (psf-deg) early 2nd 
stage. The control authority to counteract the disturbance moment due to ±4° dispersions in αmax and βmax is 
also very good. The control effort considering max deflection availability is very small.  
 



 

 
The LCDP and the Cnβ-dynamic are parameters which are not typically used in launch vehicles, but in this case 
the LCDP is equal to one, which is ideal. The Cnβ-dynamic is negative indicating open-loop instability. The last 
plot shows the maximum angular accelerations produced when the controls are maximized in both positive 
and in negative directions. The max acceleration increases with time because the vehicle weight is reduced, 
and there is more acceleration in roll because the moment of inertia is smaller. 
 



 
 
 



2.1 First Stage Control Design 

During first stage the vehicle is powered by 9 engines shown in Figure 2.1. The 8 peripheral engines are 
gimbaling in both pitch and yaw. The one at the center is fixed. The total engines thrust is approximately 
210,000 (lbf) but it varies during 1st stage as a function of altitude. We will use the Flixan program to create 
rigid vehicle models during 1st stage at 8 flight conditions or “time-slices” and then use these models to design 
state-feedback control laws. Later in the analysis section the control laws will be adjusted in order to include 
the propellant sloshing and structural flexibility. 

 

Figure 2.1 TVC Engines 
In addition to the vehicle system, the Flixan program also calculates the TVC matrix at each flight condition. 
This mixing logic matrix combines the 8 engine gimbals together to achieve the accelerations demanded by 
the flight control system. The vehicle models are then combined with the TVC matrix and separated into pitch 
and lateral design systems which are used to create the pitch and lateral LQR state-feedback controllers. Two 
different control structures are implemented in the LQR design to satisfy requirements for different phases 
along the 1st stage trajectory.  

1. A low dynamic pressure structure that emphasizes mostly in controlling the vehicle attitude but not 
ignoring the aerodynamic loads on the vehicle, and  

2. A high dynamic pressure structure that emphasizes mostly in aerodynamic load-relief but still trying to 
maintain the commanded attitude. 

The first structure that emphasizes on attitude control uses feedback from the vehicle attitude (θ), rate (q), 
angle of attack (α) and θ-integral. The second structure that emphasizes on load-relief uses feedback from the 
vehicle attitude (θ), rate (q), angle of attack (α) and α-integral.  

2.1.1 Control Design at T= 10 sec 

We begin with a low Q-bar case, 10 seconds after lift-off. The design files are in directory “\Examples\23-
Classic Launch Vehicle Design & Simulation\2-Control Gains Design\1st Stage\T10”.  



Vehicle Input File 

The Flixan input file is “Rig_Vehi_T10.Inp”. It begins with a batch set “Batch for Launch Vehicle Stage-1 Control 
Design at T=10 sec” which enables fast execution of the entire input file in batch mode. It includes the vehicle 
dataset “Launch Vehicle First Stage Design Model, T=10.0 sec” that creates the vehicle system with 8 TVC 
engines of 22,803 (lbf) thrust each, gimbaling in pitch and yaw, no throttling. The fixed engine is not included. 
There is a mixing logic dataset “Vehicle Mixing Logic” that creates the TVC matrix, shown in Figure 2.1.2, that 
converts the roll, pitch and yaw flight control acceleration demands to 8 pitch and 8 yaw gimbal deflections 
commands. The vehicle and TVC matrix are combined together to create 2 systems: the “Vehicle Design Model 
with TVC” and the “Vehicle Analysis Model with TVC”. The “Augmented Pitch Design Model” is created from 
the vehicle design model by selecting the 3 pitch states (θ, q, α) and including a 4th state, the θ-integral. 
Similarly, the “Augmented Lateral Design Model” is created from the vehicle design model by selecting the 5 
lateral states (φ, p, ψ, r, β) and including a 6th state, the ψ-integral. By including attitude integrals in the LQR 
design models we improve command tracking because it eliminates the steady-state errors. The roll attitude 
does not need a trim integrator because the disturbances in roll are small. The LQR design matrices Qc and Rc 
are preserved in the systems file “Rig_Vehi_T10.Qdr”.  

 

Figure 2.1.2 TVC Matrix 



 

  



 

The flight vehicle model includes only the 8 gimbaling engines. The 9th engine which does not gimbal is not 
included in the vehicle system because it is not used for control. The TWD flag is set to “No TWD” because the 
TWD dynamics are not included in the design model and the TWD parameters in the engines are ignored. The 
3 accelerometers are not used in this case and they could be taken out. The next two datasets create systems 
by combining the vehicle with the TVC matrix at the input to create the design model. The vehicle design 
model is then split into pitch and lateral systems for the LQR design, as shown below. 



 



 

In this early first stage flight condition the dynamic pressure is small but not trivial either. Our emphasis is in 
maintaining good attitude control and, therefore, in addition to (θ, q, α) we introduce a 4th state in the pitch 
LQR design model for state-feedback, that is, θ-integral for attitude trim. The angle of attack α is also included 
in the design model because it should also be optimized in order to prevent big alphas in response to gusts. 
The trade-off between control and state penalization in the LQR optimization is defined in the Qc4 and Rc 
matrices which are included in file “Rig_Vehi_T10.Qdr”. The derived (1x4) state-feedback gain Kq_t10 is also 
saved in the systems file with the title “Pitch LQR State-Feedback Controller”. 



 

Similarly, the lateral design model has 5 states (φ, p, ψ, r, β) and we introduce a 6th state, ψ-integral for 
attitude trim. The calculated controller is a (2x6) state-feedback gain matrix Kpr_t10 and it is also saved in the 
systems file with the title “Lateral LQR State-Feedback Controller”. 



 

The systems and matrices are also saved as m-files to be loaded into Matlab by the initialization file “init.m”. 

 

The pitch and lateral LQR design can also be performed in Matlab by loading the pitch and lateral design 
systems and running the Matlab script file “LQR_Design.m”, as shown below. 

 



Stability Analysis at T=10 sec 

The quality of the LQR control system is first analyzed in the frequency domain using the coupled rigid-body 
analysis system in file “plant_t10.m”. The Simulink model “Open_RB.slx” is used to calculate the Bode and 
Nichols plots by running the Matlab script “freq.m. It is shown in Figure 2.1.3 configured for pitch open-loop 
analysis with the pitch loop opened and the lateral loops closed. Low-pass filters are included in the 3 control 
loops. 

 

Figure 2.1.3 Preliminary Open-Loop Stability Analysis Model “Open_RB.Slx” 

Figure 2.1.4 shows the Bode and Nichols plots in pitch calculated from the open-loop model. The yaw axis is 
identical. The control bandwidth is 2.5 (rad/sec) determined by the cross-over frequency. The phase and gain 
margins are more than sufficient for now without slosh and flexibility. 



 

Figure 2.1.1 Pitch Bode and Nichols Plots Showing Plenty of Gain and Phase Margins 



Simulation 

A similar Simulink model with all 3 loops closed, “Sim_RB.Slx” in Figure 2.1.5, is used to analyze the system’s 
response to attitude commands and to wind-gust disturbances. It includes the rigid-body analysis system from 
file “plant_t10.m” that includes the TVC matrix. The LQR derived state-feedback gains Kq and Kpr are included 
in the control loops. 

 

Figure 2.1.2 Rigid-Body Simulation Model “Sim_RB.Slx” 

 

Figure 2.1.6 shows the closed loop system response to 1 (deg) attitude commands in roll, pitch and yaw axes 
simultaneously. The pitch and yaw responses are identical and they have slightly more overshoot than roll 
because of the attitude trim integrators. The initial gimbal deflections for the maneuver are 1°.  



 

Figure 2.1.6 Attitude Response to 1° Commands and the Pitch and Yaw Gimbal Deflection in Response to Commands 

  



2.1.2 Control Design at T= 30 sec 

At 30 sec after lift-off the dynamic pressure increases to 90 (lbf/ft2). The control emphasis is still in tracking 
attitude commands from guidance and not yet in relieving the aerodynamic loading. The integral feedback is 
still applied in pitch and yaw attitude trimming. We are beginning, however, to increase the LQR penalties on 
the alpha and beta states. The roll and yaw axes are treated as a coupled lateral system producing a (2x6) 
state-feedback matrix Kpr_t30. However, in the analysis section the lateral control law will be separated 
because the roll/yaw coupling is small. The work files are in directory “\2-Control Gains Design\1st Stage\T30”. 

 



 

Figure 2.1.3 The Response to Step Attitude Commands is Very Good Because the Dynamic Pressure is Still Small at T30 

 

Figure 2.1.4 The Alpha and Beta Incidence Angles due to the Wind-Gust Pulse are Big in this Time-Slice because there is not much 
of a Load-relief action yet 



2.1.3 Control Design at T= 60 sec 

At 60 sec after lift-off the dynamic pressure is increased to 416 (lbf/ft2) and it is approaching towards Max-Q. 
We are now introducing load-relief feedback from (α & β) states and from (α & β) integrals. We are no longer 
feeding back (θ & ψ) integrals and the attitude command following is therefore expected to deteriorate a little 
in comparison with the low-Q cases. The pitch and lateral design models now include (α & β) integrals instead 
of (θ & ψ) integrals. The alpha and beta weights in the LQR optimization are further increased from the 
previous cases but the weights on (α & β) integral are small. The pitch controller is (1x4) state-feedback gain 
matrix Kq_t60 from states: θ, q, α, α-integral. The roll and yaw axes are still treated as a coupled lateral 
system for now, creating a (2x6) state-feedback controller matrix Kpr_t60 from states: φ, p, ψ, r, β, β-integral. 
The work files are in directory: “\2-Control Gains Design\1st Stage\T60”. 

 



 

Figure 2.1.5 The Response to 1° Step Attitude Commands is beginning to deteriorate at T=60 sec due to the Load-Relief 

 

Figure 2.1.6 The Alpha and Beta Incidence Angles Caused by the Wind-Gust Pulse are getting Smaller at T60 due to the 
Load-Relief action 



2.1.4 Control Design at Max-Q, T= 80 sec 

Max-Q occurs 80 seconds after lift-off when the dynamic pressure is 530 (lbf/ft2). The control emphasis during 
the high Q phase is to relieve the aerodynamic loads rather than tracking the guidance commands which are 
small during this high loading period. The attitude gains are de-emphasized and the gains from the angle of 
attack, sideslip and (α,β)-integral are increased in the LQR design. The design files in this case are in directory 
“\Examples\23-Classic Launch Vehicle Design & Simulation\2-Control Gains Design\1st Stage\T80”.  

Vehicle Input File 

The Flixan input file is “Rig_Vehi_T80.Inp”. It includes a batch set “Batch for Launch Vehicle Stage-1 Control 
Design at T=80 sec”, the vehicle dataset “Launch Vehicle First Stage Design Model, T=80.0 sec”, the TVC 
mixing-logic, the design and analysis models which include the TVC matrix, the pitch and lateral design models, 
and the LQR design datasets that calculate the pitch and lateral state-feedback gains Kq_t80 and Kpr_t80. 
Unlike the low Q-bar cases, the “Augmented Pitch Design Model” is now created from the vehicle design 
model by selecting the 3 pitch states (θ, q, α) and including the α-integral as a 4th state. Similarly, the 
“Augmented Lateral Design Model” is created from the vehicle design model by selecting the 5 lateral states 
(φ, p, ψ, r, β) and including the β-integral as 6th state. This type of state-feedback reduces the aerodynamic 
loading on the vehicle, especially in the frequency range between 0.5 – 1 (rad/sec), where the gust 
disturbances are stronger, while still maintaining a substantial amount of command following. 

 

Figure 2.1.7 Pitch and Lateral Models Used for LQR Control Design During High Dynamic Pressures 

  



Flixan Input File: Rig_Vehi_T80.Inp 

 



 

The direction of the wind-gust vector is defined by the azimuth and elevation angles (45° and 90°) respectively 
in this case. It means, that the wind vector is perpendicular to the vehicle x-axis and coming towards the 
vehicle at 45° between the -Y and -Z axes. 



 



 



 



 

Analysis 

The vehicle systems and matrices are converted to Matlab m-files format, and the file “init.m” loads the LQR 
state-feedback matrices Kq_t80 and Kpr_t80 and the TVC matrix into Matlab, and the file “freq.m” calculates 
the Bode and Nichols plots using the open-loop Simulink model “Open_RB.Slx”. The stability analysis model 
and the simulation model are shown in Figure 2.1.12. They both use the “Vehicle Analysis Model with TVC” 
loaded from file “plant_t80”. The bandwidth is a little higher at Max-Q because the vehicle must be able to 
respond fast against wind disturbances. In Figure 2.1.14, the α and β response to the 33 (ft/sec) wind pulse is 
much smaller in comparison to previous cases. The strong load-relief however degrades the command 
following performance at High-Q although it is still acceptable during this phase. 



 

Figure 8 Open Loop Stability Analysis Model “Open_RB.slx” and the Closed-Loop Simulation Model “Sim_RB.slx”. They 
are both now using State-Feedback from α− Integral and β− Integral 



 

Figure 2.1.9 Bode and Nichols Plots at Max-Q 



 

Figure 2.1.10 System Response to Wind-Gust Pulse along both Y and Z Directions. It Excites the Vehicle Attitude. The 
responses in α  & β  are Small in comparison to previous cases due to the Increased Load-Relief  



 

Figure 2.1.11 Attitude Response to 1° Commands in Roll, Pitch and Yaw Simultaneously. The Response to the Commands is Not 
Great at Max-Q because of the Load-Relief Function and the System is Not Commanded During Max-Q 

 



2.1.5 Control Design at T= 100 sec 

At T=100 sec the dynamic pressure is reduced to 360 (lbf/ft2) which is still high and the load-relief is still active, 
applying feedback from (α & β) states and from (α & β) integrals. The attitude command following is 
therefore still degraded because it is trying to operate against the load-relief. The pitch and lateral design 
models include (α & β) integrals. The alpha and beta state weights are further increased in the LQR design 
from the previous cases and the (α & β) integral weights are small. The pitch controller is (1x4) state-feedback 
gain matrix Kq_t100 from states: θ, q, α, α-integral. The roll and yaw axes are again treated as a coupled 
lateral system for now, creating a (2x6) state-feedback controller matrix Kpr_t100 from states: φ, p, ψ, r, β, β-
integral.  

  



 

Figure 2.1.12 Attitude and Gimbal Responses to 1° Attitude Commands in Roll, Pitch & Yaw 



 

Figure 2.1.13 Vehicle Response to a 30 (feet/sec) Wind-Gust Pulse. The Load-Relief Minimizes the Effect of the Wind-
Gust on the Alpha and Beta Incidence Angles but it Reduces the Command-Following Performance at T=100 sec.  

 

  



2.1.6 Control Design at T= 120 sec 

At T=120 sec the vehicle has passed the High-Q region but the dynamic pressure is still big enough, 155 (lbf/ft2), 
and the control system requires a significant amount of feedback from (α & β) states but not (α & β)-integrals. The 
control emphasis is now in tracking attitude commands and we will go back and use (θ & ψ)-integral feedback for 
trimming the pitch and yaw attitude errors. The LQR weights on the α & β states are still significant and the 
weights on (θ & ψ)-integral states are small because we are still experiencing a substantial amount of Q-bar. The 
pitch controller is (1x4) state-feedback gain matrix Kq_t120 from states: θ, q, α, θ-integral. The roll and yaw axes 
are treated as a coupled lateral system, creating a (2x6) state-feedback controller matrix Kpr_t120 from states: φ, 
p, ψ, r, β, and ψ-integral. In the analysis section the lateral controller will be separated because the roll/yaw 
coupling is small. DP will be a function of (φ, p) and DR will be a function of (ψ, r, β, and ψ-integral). 

 



Notice, in 6DOF simulations it is convenient to keep a constant TVC matrix instead of varying all the TVC elements 
as a function of mass. For the entire first stage the TVC matrix is saved as a fixed matrix that is pre-multiplied with 3 
time-varying loop gains, see Figure. Each axis column is multiplied by a time-varying loop gain calculated at each 
time-slice. The pitch and yaw loop gains are the same in this case because the vehicle is a cylinder. 

 



 

Figure 2.1.14 Response to 1° Step Attitude Commands in Roll, Pitch and Yaw Together 



 

Figure 2.1.15 System Response to a 30 (ft/sec) Wind-Gust. The Attitude Errors due to Gust are Very Small 

  



2.1.7 Control Design at Pre-Separation, T= 166 sec 

At T=166 sec the dynamic pressure is very low, only 6 (lbf/ft2) and we do not need load-relief. The control 
system is fully in attitude command tracking mode and are applying (θ & ψ)-integral feedback for trimming 
the pitch and yaw attitude errors. The LQR weights on the α & β states are very small now and the (θ & ψ)-
integral weights have been increased for better attitude trimming. The control system bandwidth is 3 
(rad/sec), not as high as in the High-Q region. The work files are in directory “\2-Control Gains Design\1st 
Stage\T166”. 

 



The pitch controller is (1x4) state-feedback gain matrix Kq_t166. The pitch control demand DQ is calculated as 
a function of states: θ, q, α, θ-integral. The roll and yaw axes are again treated as a coupled lateral system, for 
now, creating a (2x6) state-feedback controller matrix Kpr_t166 from states: φ, p, ψ, r, β, and ψ-integral. Later, 
in the analysis section the lateral controller will be separated because the roll/yaw coupling is small. The roll 
control demand DP will be a function of (φ and p), and the yaw demand DR will be a function of (ψ, r, β, and ψ-
integral). 

 

Figure 2.1.16 Pitch and Yaw Stability Margins at T=166 sec 

 



 

Figure 2.1.17 The Response to Step Attitude Commands is Very Good at Pre-Separation Because the Dynamic Pressure 
is Small and there is No Load-Relief 

  



2.2 First Stage Control Analysis with Slosh and Flexibility 

We will now update the 1st stage vehicle models created for the 8 time-slices: T10, T30, T60, T80, T100, T120, 
T140, and T166 to analyze the system stability and performance in those flight conditions, including propellant 
sloshing and structural flexibility. The 8 analysis folders are in directory “\23-Classic Launch Vehicle Design & 
Simulation\ 3-Stability Analysis with Flex & Slosh\1st Stage”. Each analysis folder includes two approaches for 
creating the vehicle models and the corresponding work files are placed in separate subfolders. The subfolder 
“Matlab Analysis” uses the Flixan program to generate the vehicle, mixing-logic, and actuator systems and 
they are combined together in Matlab using Simulink models for the open and closed loop analysis. The 
subfolder “Flixan Analysis” generates all systems, matrices and the combined systems using the Flixan 
program. The analyses of the 8 flight conditions are similar and we will describe some of them in detail. 
Specifically, at T10 we will describe the Matlab analysis process in detail, and at T80 we will describe the Flixan 
analysis process. For the remaining time-slice cases we will just present the stability analysis and performance 
results.  

The vehicle datasets are the same as the ones used in the control design, except that they now include slosh 
parameters and structural flexibility modes. The direction of the wind-gust is defined by the azimuth and 
elevation angles which are 45° and 90° respectively. It means that the wind velocity is coming towards the 
vehicle perpendicular to the x-axis and at 45 between the -Y and -Z axes. The flex modes are already 
preselected and included at the bottom of the input files. The state-feedback gains are copied from the 
corresponding control design sections. However, the lateral roll/ yaw coupled LQR controller Kpr from the 
design section is now separated. It is replaced by a yaw state-feedback gain which is identical to pitch, and a 
PD controller for roll control that does not change very much during flight. The variation in vehicle mass 
properties is taken care by a varying TVC matrix which in the 6DOF is implemented as a fixed TVC matrix with 3 
time-varying loop gains. 

As already described in the control design section, the state-feedback gain Kq is using (θ and ψ) attitude 
integral feedback at low-Q and it switches to (α and β) integral feedback at high dynamic pressures. Some of 
the state-feedback gains were slightly adjusted to accommodate flexibility and low-pass filters are included. 
Also, launch vehicles in general do not have an aero-data probe to measure the angles of attack and sideslip 
which are needed for the LQR state-feedback. In this case α and β are estimated from the normal and lateral 
accelerometers as we shall describe in detail. 

2.2.1 Control Analysis at T= 10 sec 

The analysis files for this flight condition are in “Examples\23-Classic Launch Vehicle Design & Simulation\3-
Stability Analysis with Flex & Slosh\1st Stage 1st Stage\T10\ Matlab Analysis”. The input file is 
“Flex_Vehi_T10a.inp”. The equivalent Flixan analysis files are in “\1st Stage 1st Stage\T10\Flixan Analysis” and 
the input file is “Flex_Vehi_T10b.inp”. The LQR state-feedback gain is Kq_t10= [2.75, 2.3, 0.02, 0.44] from pitch 
states: θ, q, α, and θ-integral respectively. It is also used for yaw control from states: ψ, r, β, and ψ-integral. 
The roll control PD gain is just, [2, 2.25] from the states: φ and p respectively. 

  



The title of the vehicle dataset is “Launch Vehicle First Stage Analysis Model, T=10.0 sec” and it includes the 8 
gimbaling engines, propellant sloshing parameters for the LOX and LH2 tanks, and the flex modes. The slosh 
parameters consist of the 2 slosh masses, slosh frequencies for each mass along y and z at 1g, the damping 
coefficients along y and z, and the x, y, z locations of the 2 slosh masses. The LOX and LH2 slosh frequencies 
are both 3.11 rad/sec at 1g acceleration. They are scaled by the program proportionally to the square root of 
the vehicle acceleration. Although the 2 propellant frequencies are defined to be the same at 1g, they change 
slightly under closed-loop control. The vehicle dataset also includes rate gyros for attitude control and Ny & Nz 
accelerometers for load-relief. 

The modal data are created from finite element models at different propellant levels. At T10 when both tanks 
are full, the modal data file is “Stage1_100%.Mod” and the nodes ID file is “Stage1_100%.Nod”. They are used 
by the Flixan mode selection process to select a set of structural modes that will be combined with the rigid 
vehicle dataset to create the flex vehicle state-space system for the analysis. The mode selection process is 
described in Section x. The selected set of modes is already included at the bottom of the vehicle file 
“Flex_Vehi_T10a.inp” with the title “First Stage Flex Modes at 100% Full Tanks”. The number of modes to be 
included from the selected set of modes is shown at the bottom of the vehicle dataset.  

The input file also includes a dataset that creates a linear actuator model for first stage. The parameters are a 
little different from the second stage actuator, like inertia, friction, etc. A non-linear Simulink actuator model 
will be used in the simulation. It includes Coulomb friction at the gimbal, position and rate limits. A batch set 
“Batch for Stage-1 Launch Vehicle Control Analysis at T=10 sec” is included at the top of the input file that 
creates the vehicle, TVC and actuator models in batch and exports the state-space systems into Matlab 
format. 

  





  



The initialization file “init.m” loads the Flixan generated vehicle “flex_vehicle”, and the actuator systems into 
Matlab. It also loads the TVC matrix and the LQR control gain Kq_t10. It also includes the bandwidth of the 
low-pass filter which varies with flight conditions. 

 

Simulation Model 

The 1st stage simulation model “Sim_Flex.slx” is shown in Figure 2.2.1. It includes the flexible vehicle first stage 
model from file “flex_vehicle.m”, the control system which is shown in detain in Figure 2.2.2, the TVC matrix, 
and the non-linear TVC actuators, shown in Figure 2.2.4. The estimators in Figure 2.2.3 estimate alpha and 
beta from the normal and lateral accelerometer measurements, the pitch and yaw rates (q & r), and the pitch 
and yaw gimbal deflections (dy & dz). The (α & β) estimates are used in the state-feedback controller for load-
relief, instead of the real (α & β). 

 

Figure 2.2.18 First Stage Simulation Model “Sim_Flex.slx” 



 

Figure 2.2.19 Pitch, Yaw and Roll Flight Control System 

 

Figure 2.2.20 Alpha Estimator Used for Load-Relief 



 

Figure 2.2.21 Non-Linear Actuator Subsystem 

 

Simulation Results 

Figure 2.2.5 shows the system’s response to the simultaneously applied 1° commands in roll pitch and yaw. 
The noise in the actuator inputs represents gimbal measurement noise and it produces jitter at the gimbal 
deflections. The Coulomb friction in the non-linear actuator models also causes small attitude disturbances, 
especially in roll. Figure 2.2.6 shows the system’s response to a 30 (ft/sec) wind-gust. 



 



 

Figure 2.2.22 System Response to 1° Attitude Commands 

Figure 2.2.6 shows the system’s response to a 30 (ft/sec) wind-gust velocity pulse which is applied 
perpendicular to the vehicle and towards the -Y and -Z axes as defined in the vehicle input data-set. The jitter 
is caused by the actuator measurement noise. 





 

Figure 2.2.23 System’s Response to the Wind-Gust Pulse. The attitude errors are small. The (α, β) angles are big 
because the vehicle speed is still small at T=10 sec 

  



Stability Analysis 

The Simulink model “Open_Flex.Slx” is used to analyze the system stability in roll, pitch and yaw. It is shown in 
Figure 2.2.7 configured for pitch open-loop analysis with the roll and yaw loops closed. The Flixan derived 
linear actuator system is used in this model. It consists of the same elements as the simulation model, except 
for the actuator which is now the linear system. 

 

Figure 2.2.24 Simulink Model “Open_Flex.Slx” Used for Stability Analysis 

The Bode and Nichols plots are calculated from this model using the script file “freq.m”. The slosh modes are 
small because the tanks still have a lot of propellant. Slosh does not affect the roll axis. In pitch and yaw, the 
LH2 mode is phase-stable with ζ=0.001. The LOX mode with ζ=0.005 is opening towards the critical + point but 
it still has enough margin. The flex modes are sufficiently attenuated with the low-pass filters. The first 
bending mode at 19 (rad/sec) is very strong but phase-stable. The mode is perfectly phased by the low-pass 
filter with its peak in the Nichols plot at +22 (dB) between two critical points. This type of a design provides 
active control and attenuation of the first bending mode via negative feedback. 

 



 

Figure 2.2.25 Roll Axis Stability Analysis at T= 10 sec 



 

Figure 2.2.26 Pitch and Yaw Stability Analysis Plots are Very Similar 

  



2.2.2 Control Analysis at T= 30 sec 

At T= 30 sec the tanks are more depleted and the propellant sloshing effect is stronger because the slosh 
masses are bigger and the slosh forces against the tank walls are creating a bigger disturbance on the vehicle. 
To make things worse, the location of the LOX mass happens to be between the vehicle center of rotation and 
the CG which makes it phase unstable, meaning that the slosh mode in the Nichols chart is opening towards 
the critical -1 point (+) instead of opening away from the critical point, like a minimum phase system, similar to 
the LH2 tank. In this case, the easiest way to stabilize the slosh mode is to increase the damping coefficients 
to ζ=0.015 for LOX and  ζ=0.01 for the LH2 tank. This is accomplished by including baffles inside the tanks 
which dampen the propellant sloshing. 

 

Figure 2.2.27 The LH2 Slosh Mode is Phase-Stable, the LOX Mode is Opening Towards Instability 

  



Sensitivity Analysis to Gust Disturbances 

The closed-loop Simulink model “Sensitiv_Flex.Slx” in Figure 2.2.11 is used for analyzing the vehicle sensitivity 
to gusts. It is located in folder “3-Stability Analysis with Flex & Slosh\1st Stage\T30\Matlab Analysis”. The gust 
input is shaped by transfer functions to immitate the frequency characteristics of the wind-gust spectral 
density. The outputs are α and β angles divided by the max allowable αmax and βmax which can be as high as 7° 
in that time period. 

 

Figure 2.2.28 Sensitivity Analysis Model “Sensitiv_Flex.slx” 



The system sensitivity is analyzed in the frequency domain by calculating the Singular Values frequency 
response between the shaped gust input (Wgust) and the normalized (α and β) outputs. According to theory 
the system satisfies the sensitivity to gust requirements if the Singular Values frequency response is less than 
1 at all frequencies. The frequency response file “freq.m”, shown below, calculates the Bode and Nichols plots 
from the open-loop model “Open_Flex.Slx”. It also calculates the Sensitivity plot using the open-loop model 
“Sensitiv_Flex.Slx” which is shown in Figure 2.2.12. 

 

 

Figure 2.2.29 Sensitivity Analysis Plot is Less than 1 at All Frequencies 



2.2.3 Control Analysis at T= 60 sec 

At T= 60 sec the dynamic pressure increases to 416 (lbf/ft2) and we are beginning to introduce the load-relief 
effect from the estimated α and β, and from (α, β)-integrals. Sloshing is also stronger and the instability of the 
LOX tank is more powerful to the point that the LOX damping was increased using baffles to ζ=0.018. In this 
time-slice we used the Flixan program to create the models in directory “23-Classic Launch Vehicle Design & 
Simulation\3-Stability Analysis with Flex & Slosh\1st Stage\T60\Flixan Analysis”. Figures 2.2.30 and 2.2.31 
show the system stability in pitch and yaw using Nyquist, Bode and Nichols plots generated using the Flixan 
program. The sensitivity to wind-gusts in Figure 2.2.32 is satisfied, assuming that α and β do not exceed 3°. 
With the increased dynamic pressure and the load-relief becoming more active, the step responses to 
guidance commands in Figure 2.2.33 are beginning to deteriorate, as expected, but they are still satisfactory. 
The structural flexibility and sloshing effects are visible in the responses. The actuator model is linear and the 
actuator noise is not included in this case. 

 

Figure 2.2.30 Pitch Axis Nyquist, Bode and Nichols Plots 



 



 



 

Figure 2.2.32 Sensitivity to Wind-Gusts Assuming that alpha and beta dispersions are less than 3 (deg) 





 

Figure 2.2.33 System’s Response to Attitude Commands Created from the Flixan Generated “Closed-Loop System” 
Included in Simulink Model “Sim_Flex3.slx” 

  



2.2.4 Control Analysis at Max-Q, T= 80 sec 

We will now describe the Max-Q modeling and analysis which was implemented mostly using the Flixan 
program. The work files are in folder: “Examples\ 23-Classic Launch Vehicle Design & Simulation\3-Stability 
Analysis with Flex & Slosh\1st Stage\T80\Flixan Analysis”. The input file is “Flex_Vehi_T80b.inp”. There is also a 
Matlab implementation input file “Flex_Vehi_T80a.inp” under T80. The TVC and the LQR state-feedback were 
calculated in the design section and they are slightly adjusted to improve stability margins. The state-feedback 
gain is Kq_t80= [6.0, 2.8, 3.3, -0.2] corresponding to pitch states: θ, q, α, and α-integral respectively. It is also 
used for yaw control from states: ψ, r, β, and β-integral. The roll control PD gain is just, [2, 2.25] from the 
states: φ and p respectively. The title of the vehicle dataset is “Launch Vehicle First Stage Analysis Model, 
T=80.0 sec” and it includes the 8 gimbaling engines, propellant sloshing parameters for the LOX and LH2 tanks, 
and the flex modes.  

The slosh parameters consist of the 2 slosh masses, the 2 slosh frequencies along y and z, the 2 damping 
coefficients along y and z, and the x, y, z locations of the 2 slosh masses. The LOX and LH2 slosh frequencies 
are both 3.11 rad/sec calculated at 1g. They are scaled by the program proportionally with the square root of 
the vehicle acceleration. The vehicle dataset also includes rate gyros for attitude control and Ny & Nz 
accelerations for load-relief. The modal data at T80 are created from a finite elements model where the tanks 
are 50% full. The modal data and the nodes ID files are “Stage1_50%.Mod” and “Stage1_50%.Nod”. A data set 
of preselected flex modes is included at the bottom of file: “Flex_Vehi_T80b.inp” with a title: “First Stage Flex 
Modes at 50% Full Tanks”. The modes will be combined with the rigid vehicle dataset to create the flex vehicle 
state-space system for the analysis. The number of modes to be included in the model and the title of the 
selected modal data are included at the bottom of the vehicle data. A batch set “Batch for Stage-1 Launch 
Vehicle Control Analysis at T=80 sec” is included at the top of the input file that creates the vehicle, TVC, 
actuator and flight control systems, and combines them together in Flixan to create stability analysis and 
simulation systems.  

Input File 

The Flixan input file:  Flex_Vehi_T80b.inp is shown below. It begins by creating the flex vehicle system at T80, 
the actuator and the TVC matrix. Then it combines 8 actuator systems in parallel to create a “System of 8 
Actuators”. One of the combined actuator systems will be used to drive the pitch gimbals and an identical 
system will drive the yaw gimbals. The vehicle and the two combination systems of 8 actuators (a total of 16 
actuators) are combined together to create the system “Plant Model at T=80 sec, Vehicle/ Actuators”. Then, 
the alpha and beta estimators, the low-pass filters, and integrators are implemented using transfer-functions. 
The flight control system is then implemented by combining the alpha/ beta estimators, the low-pass filters 
and the integrators that produce (α, β)-integrals for state-feedback. Finally, the flight control system and the 
plant model are combined together in two configurations to create two systems, an “Open-Loop System” to be 
used for stability analysis, and a “Closed-Loop System” to be used in simulations. The open-loop system has all 
3 loops opened and it is reconfigured into 3 additional systems by opening one loop at a time and closing the 
other two, as identified by their titles, for frequency response analysis. 



 



 





 

  





 



 



  



 



 



 



 



 

The following initialization file “init.m” loads the systems and TVC matrix to Matlab for the simulations. The 
flight control load-relief system includes feedback from (a, b)-integral. Slosh filters are included in the (a, b)-
estimators to improve the margin of the LOX mode. 

 



 

Figure 2.2.34 Flight Control System During High Q-bar. The State-Feedback is from θ, q, a, and a-Integral States 

 

Figure 2.2.35 The Alpha and Beta Estimators Include a Notch Filter to Improve the LOX Slosh Margin which is Phase 
Unstable 

Figures (2.2.36-38) show the pitch, yaw and roll stability analysis results at max-Q. They are created using the 
Flixan generated open-loop model by opening one loop at a time. The Flixan frequency response analysis 
program was used to calculate the Nichols, Bode and Nyquist diagrams. For good margins in the Nichols plots, 
the G(jω) locus must avoid intersecting the 40 (deg), 8 (dB) diamond shaped area. Sensitivity to wind-gusts is 
also satisfied, se Figure 2.2.39, assuming that α and β do not exceed 3°. 



 

Figure 2.2.36 Pitch Stability Analysis Using Nichols and Nyquist Plots 



 

Figure 2.2.37 Yaw Stability Analysis Using Bode and Nichols Plots 



 

Figure 2.2.38 Roll Stability Analysis Using Bode and Nichols Plots 



 

Figure 2.2.39 Sensitivity to Wind-Gusts Assuming that alpha and beta dispersions are less than 3 (deg) 



Two simulation models are created in Simulink that use the Flixan generated systems. The simulations are 
performed using Simulink and the results are identical. The model “Sim_Flex3.slx” in Figure 2.2.40 uses the 
already combined “Closed-Loop System” from Flixan which is loaded from file “closed_loop”. The model 
“Sim_Flex2.slx” in Figure 2.2.41 combines the “Flight Control System” and “Plant Model at T=80 sec, Vehicle/ 
Actuators” systems from files “fcs” and “plant” respectively in Simulink. The inputs to the simulation models 
are either attitude commands or wind-gust velocity disturbances. 

 

Figure 2.2.40 Closed-Loop Simulation Model “Sim_Flex3.slx” 

 

Figure 2.2.41 Closed-Loop Simulation Model “Sim_Flex2.slx” 



 

Figure 2.2.42 Flight Control and Plant Subsystems 

Figure 2.2.42 shows the system’s response to simultaneously applied roll, pitch and yaw unit step commands. 
At Max-Q the response to commands is not expected to be so great because it is counteracted by the load-
relief, but it’s not bad either. 

Figure 2.2.43 shows the system’s response to random gusts which have wind velocity peaks less than 30 
(feet/sec) and are applied perpendicular to the vehicle, as defined by the two angles in the vehicle input data. 
It demonstrates the ability of the load-relief system to maintain reasonable the Q-alpha-beta loads less than 
550 (psf-deg) since the (α, β) dispersions are about 1 (deg) and the gimbal deflections are less than 0.8 (deg). 





 

Figure 2.2.42 System Response to 1° Attitude Commands in Roll, Pitch and Yaw 





 

Figure 2.2.30 System Response to Random Wind-Gusts with Peaks Under 30 (ft/sec) 

  



2.2.5 Control Analysis at T= 100 sec 

At T=100 sec the dynamic pressure is 360 (lbf/ft2) which is still high and the load-relief action from the 
estimated α and β, and from (α, β)-integrals is significant. Sloshing is also strong and both LOX and LH2 modes 
are now phase-stable. However, the slosh damping was set to ζ=0.015 with baffles, because the LOX mode 
was stabilized with a filter and its stability is not very reliable due to LOX frequency uncertainty. The analysis 
files are in directory “3-Stability Analysis with Flex & Slosh\1st Stage\T100”. The following figures show the 
system stability in roll, pitch and yaw using Bode and Nichols plots. With the dynamic pressure reduced, the 
step responses to guidance commands are a little better than Max-Q, even though the load-relief is still active. 
Structural flexibility and sloshing are visible in the responses.  

 



 

Figure 2.2.31 Roll, Pitch and Yaw Stability Analysis at T=100 sec. Slosh is now Phase-Stable. The First Bending Mode is 
also Phase-Stable. Its Frequency went up to 27.6 (rad/sec) 



 



 

Figure 2.2.32 System Responses to 1° Attitude Commands 



2.2.6 Control Analysis at T= 120 sec 

At T=120 sec the dynamic pressure has dropped to 155 (lbf/ft2) and the load-relief feedback from estimated α 
and β is significantly reduced, but we are no longer using (α, β)-integrals. We are now back to attitude 
trimming all the way to staging, by using feedback from attitude (θ, ψ)-integrals. The analysis files are in 
directory “3-Stability Analysis with Flex & Slosh\1st Stage\T120”. Figure 2.2.46 shows the system stability in 
pitch and yaw. The LOX and LH2 slosh modes are phase-stable and their damping coefficients are now reduced 
to ζ=0.01 using fewer baffles. The low-pass filters bandwidths are increased as we approach staging in order 
to adjust the phase-margin. 

Figure 2.2.47 shows the system’s responses to 1° commands in roll, pitch and yaw. With the dynamic pressure 
reduced and the attitude trim-integrators active, the step responses to attitude commands have been 
improved. This time, however, we are using the non-linear actuator model with Coulomb friction which is 
implemented in the “Matlab Analysis” folder and it includes noise in the actuator position measurement which 
causes some jitter in the responses, especially in the roll attitude. Figure 2.2.48 shows a similar response 
generated from the linear “Flixan Analysis” closed-loop model. 

 

Figure 2.2.33 Pitch and Yaw Stability at T=120. Slosh Modes are Phase-Stable and the First Bending Mode is also 
Phase-Stable. Its Frequency is now 28 (rad/sec) 





 

Figure 2.2.34 Vehicle responses to 1° Attitude Commands Using the Non-Linear Actuator Model 





 

Figure 2.2.35 Vehicle responses to 1° Attitude Commands Using the Linear Actuator Flixan Analysis Model 

  



2.2.7 Control Analysis at T= 140 sec 

At T=140 sec the dynamic pressure is only 47 (lbf/ft2) and the load-relief gain from the estimated α and β is 
further reduced and the attitude trimming from (θ, ψ)-integrals is increased which further improves the 
command tracking performance. Figure 2.2.49 shows the system’s responses to 1° commands in roll, pitch and 
yaw obtained from the linear closed-loop model. The analysis files are in directory “3-Stability Analysis with 
Flex & Slosh\1st Stage\T140”.  

 



 

Figure 2.2.36 Vehicle Responses to 1° Attitude Commands Using the Linear Actuator Flixan Analysis Model 

Figure 2.2.50 shows the system stability in pitch and yaw. The LOX and LH2 slosh modes are phase-stable with 
damping coefficients ζ=0.01. They were calculated using Flixan and Matlab programs and are showing 
identical results. The phasing is a little different because the delays are a little different. The low-pass filter 
bandwidths continue to increase as we approach staging. 

 



 

Figure 2.2.37 Pitch and Yaw Stability at T=140. Slosh Modes and the First Bending Mode are Phase-Stable. The Flex Mode 
Frequency is now Increased to 40 (rad/sec) 



2.2.8 Control Analysis at Pre-Separation, T= 166 sec 

Separation occurs at T=166 sec where the dynamic pressure is very low, only 6 (lbf/ft2) and the load-relief gain 
from the estimated α and β is reduced even further and the attitude trimming is more emphasized to improve 
the command following performance. The frequency response analysis Figures (2.2.51-54) obtained by the 
Flixan program demonstrate the system stability in Roll, Pitch and Yaw using Bode, Nyquist and Nichols 
diagrams.  

Figure 2.2.55 shows the system’s responses to 1° commands in roll, pitch and yaw. They are generated using 
the non-linear simulation which includes the non-linear actuator, implemented in the “Matlab Analysis” folder 
and it includes Coulomb friction and the actuator position measurement error which causes jitter and small 
dispersions in the attitude responses. The analysis files are in directory “3-Stability Analysis with Flex & 
Slosh\1st Stage\T166”.  

 

Figure 2.2.38 Roll Axis Nyquist Diagram Showing the Phase and Gain Margins 
 



 

Figure 2.2.39 Roll Axis Stability Analysis Using Bode and Nichols Plots 



 

Figure 2.2.40 Pitch and Yaw Axes Stability in Bode and Nyquist 



 

Figure 2.2.41 Pitch and Yaw Axes Stability Using Nichols Generated from Flixan and Matlab Programs 





 

Figure 2.2.42 Vehicle responses to 1° Attitude Commands Using the Non-Linear Actuator Model 



3.1 Second Stage Control Design 

During second stage the vehicle is using a single TVC engine of 29,750 (lbf) thrust for pitch and yaw control 
and 8 RCS jets for roll control. The 8 jets are located in a circle around the TVC structure and they are 
implemented in the Flixan model as 4 bidirectional ±3 (lbf) thrusters mounted with the positive thrust 
directions as shown in Figure 3.1. In other words, each bidirectional thruster in the Flixan model represents 
two back-to-back firing jets. 

 

Figure 3.1 Reaction Control Thrusters 
In addition to the vehicle system, the Flixan program also calculates the mixing-logic matrix that combines the 
TVC pitch and yaw gimbals with the 4 bi-directional thrusters to achieve the accelerations demanded by the 
flight control system. Note that in this design phase we are assuming that the thrusters are analog and they 
can provide a continuous linear thrust that will allow us to use the LQR method for lateral (roll/ yaw) control. 
Later we will change the roll control into a more realistic, on-off phase-plane system. We will therefore 
decouple the rigid vehicle system into separate pitch and lateral design models that will be used to create two 
separate LQR controllers. 

3.1.1 Control Design at T= 180 sec 

We will design and analyze the 2nd stage in 5 flight conditions beginning with the post-separation case at T= 
180 sec. The design files for this case are saved in directory “Examples\23-Classic Launch Vehicle Design & 
Simulation\2-Control Gains Design\2nd Stage\T180”. The Flixan derived mixing-logic matrix in Figure 3.1.1 
converts the 3 control demands to effector commands.  

  



The inputs are roll, pitch and yaw demands, and it has 6 outputs: 2 gimbal deflection commands for the TVC 
engine in pitch and yaw (δy, δz) and 4 throttle commands for the 4 thrusters (δThr1 to δThr4). The 3 (lbf) Jet 
forces are included in the vehicle input data. 

 

Figure 3.1.1 Mixing Logic Matrix 

The Vehicle Input File 

The vehicle input file is “Rig_Vehi_T180.Inp” in subdirectory “2-Control Gains Design\2nd Stage\T180”. It 
begins with a batch set “Batch for Calculating the Vehicle files during Stage-2” which enables fast execution of 
the input file in batch mode. It also preserves the LQR design matrices Qc and Rc in the systems file 
“Rig_Vehi_T180.Qdr”. The vehicle dataset is “Launch Vehicle Second Stage Design Model at T=180 sec” which 
includes a 29,750 (lbf) thrust engine that is gimbaling in pitch and yaw, and the 4 thrusters shown in Figure 
3.1. The + nozzles of the left and right bidirectional thrusters are pointing upwards along -z axis, (∆y=-90° 
rotation relative to -x axis), and the + nozzles of the top and bottom bi-directional thrusters are pointing 
towards the -y axis (∆z=90° rotation relative to -x axis). The input file includes also a mixing logic dataset 
“Mixing Logic Matrix for Second Stage at t=180 sec” that creates matrix Kmix, shown in Figure 3.1.1. It 
converts the roll, pitch, yaw acceleration demands to 2 gimbal deflections and 4 throttle commands. Note 
that, since the 3 (lbf) jet thrusts are included in the vehicle engine data, the roll RCS control system bandwidth 
should be adjusted so that the throttle commands do not exceed ±1, which implies that the analog thrust 
magnitude does not exceed the max thruster capability, but this will change in the analysis phase when we will 
implement the phase-plane roll RCS system with bang-bang thrusters. 



 

  



The following dataset combines the vehicle system with the mixing-logic matrix Kmix to create the vehicle 
design model “Vehicle and Mixing Logic Combined System” whose inputs are the 3 FCS commands (DP, DQ, 
DR). 

 

The following 3 datasets extract the pitch design system from the combined pitch and lateral system, augment 
it to include a third state, the theta-integral state that will enable the FCS to better track pitch attitude 
commands from guidance, and the third dataset uses the LQR method to design the pitch state-feedback 
controller Kq_t180 from states: theta, q, and theta-integral. The matrices Qc3 and Rc in the systems file 
“Rig_Vehi_T180.Qdr” are the state and control penalty weights in the LQR optimization. Notice that the alpha 
state is not used for feedback during 2nd stage because the aerodynamic effects are negligible and it doesn’t 
need to be optimized, by not even including it in the design model. 



 

A similar process is repeated for the lateral design where the roll and yaw axes are combined and augmented 
to create the lateral design model “Augmented Lateral Design Model” that includes states: [φ, p, ψ, r, and ψ-
integral]. The lateral LQR controller is a (2x5) state-feedback matrix Kpr_t180 that feeds back roll and yaw 
commands (DP, DR) from the 5 states. Qc5 and Rc2 are the state and control penalty weight matrices in the 
LQR optimization. Notice, there is a Matlab script “LQR_Design.m” that loads the pitch and lateral design 
plants and performs the LQR design in Matlab, and the results are identical to the Flixan process. 



 

Matlab conversion datasets are included for the vehicle system “vehicle_rb”, the mixing-logic matrix “Kmix”, 
the two augmented design models “pitch_des” and “lateral_des”, and the two state-feedback matrices 
“Kq_t180” and “Kpr_t180”. They are loaded into Matlab and will be used to analyze the rigid vehicle stability 
and its response to step commands. 



 

 

Figure 2 Initialization File in Matlab 

Frequency Response Analysis 

The open-loop Simulink model “Open_RB.slx” in Figure 3.1.2a is used by the script “freq.m” to calculate the 
open-loop system frequency response and to plot the Bode and Nichols plots in 3.1.2b. 

 



 

Figure 3.1.2 Open-Loop Analysis Model “Open_RB” and Nichols Plot Showing Phase and Gain Margins 

  



Rigid-Body Simulation 

 

Figure 3.1.3 Simulink Model “RB_Sim.slx” is used to Analyze the Closed-Loop System’s Step Response to Attitude Commands 



 

 

Figure 3.1.4 Gimbal and Throttle Responses to the 1° Step Commands in Roll, Pitch and Yaw Simultaneously 

The Simulink model “RB_Sim.slx” in Figure 3.1.3 is used to analyze the rigid system’s response to 1° attitude step 
commands in all 3 axes. The TVC engine is used for pitch and yaw control. The thrusters fire differentially for roll 
control. The roll LQR parameters should be readjusted to reduce the roll bandwidth and to prevent the throttles 
from exceeding ±1 but we don’t care about roll in this point because it will be replaced in the analysis phase.  



3.1.2 Control Design at T= 280 sec 

At T=280 sec the design process is similar. The values of coefficients of the mixing logic matrix Kmix have 
changed because the vehicle mass properties have also changed. The bandwidth of the pitch and yaw LQR 
state-feedback controller is slightly higher at 1.3 r/s and the gain of the attitude trim integrator was also 
increased. The work files are in directory “…\2-Control Gains Design\2nd Stage\T280”. The pitch and lateral 
LQR state-feedback gains are in files Kq_t280 and Kpr_t280. 

 

Figure 3.1.5 Attitude Response to 1 (deg) Step Commands in Roll, Pitch and Yaw 



 

Figure 3.1.6 TVC Pitch and Yaw Gimbal Responses to Pitch and Yaw Attitude Commands (top). Also, the Throttle 
Responses of the RCS Jets (bottom). This time the Roll Gains were adjusted to keep the Magnitudes of the Throttle 
Commands to the thrusters less than 1. 



 

Figure 3.1.7 Pitch and Yaw Stability at T= 280 sec 



3.1.3 Control Design at T= 490 sec 

At T=490 sec the control design process does not change much because there is no aero. The values of 
coefficients of the mixing logic matrix Kmix are even smaller because the vehicle moments of inertia are 
reduced. The state-feedback gains however do not change much between flight conditions, only the mixing 
logic gains change. The LQR design plant includes the mixing logic matrix and it is almost the same during the 
entire 2nd stage. The mass properties variations are affecting the Kmix gains and not in the state-feedback. The 
bandwidth of the pitch and yaw LQR state-feedback controller however is a little higher this time, at 1.4 r/s 
and the attitude trim integrator gain was also increased. The work files are in directory “…\2-Control Gains 
Design\2nd Stage\T490”. The pitch and lateral LQR state-feedback gains are in files Kq_t490 and Kpr_t490 and 
they will also be used in the analysis model with flexibility and propellant sloshing in directory “…\3-Stability 
Analysis with Flex & Slosh\2nd Stage\T490”. 

 

Figure 3.1.8 Pitch and Yaw Stability Margins at T= 490 sec 



 

Figure 3.1.9 TVC/ RCS Mixing Logic Matrix at T= 490 sec 

 

Figure 3.1.10 Attitude Response to 1 (deg) Step Commands in Roll, Pitch and Yaw 

  



 

Figure 3.1.11 TVC Pitch and Yaw Gimbal Deflections to Pitch and Yaw Attitude Commands (top). Also, the Throttle 
Responses of the RCS Jets (bottom) which control roll. The Throttles this time are much smaller than ±1 which is the 
max capability because the roll inertia is smaller and requires less roll control. The Gimbal Deflections are also smaller. 

  



3.2 Second Stage Control Analysis with Slosh and Flexibility 

We will now update the vehicle models created for the 5 time-slices: T180, T280, T350, T420, and T490, to 
analyze the system performance in those flight conditions, including propellant sloshing and structural 
flexibility. The 5 analysis folders are in directory “23-Classic Launch Vehicle Design & Simulation\3-Stability 
Analysis with Flex & Slosh\2nd Stage”. The analyses of the 5 flight conditions are very similar and we will 
describe in detail only the first one. The vehicle datasets now include the slosh parameters and the flex modes 
which consist of preselected modes at different fuel weights and they included at the bottom of the input 
files. The lateral roll/ yaw coupled LQR control system from the design section will now be replaced by a yaw 
system which is identical to pitch, and a phase-plane RCS system for roll control with a jet-selection logic that 
activates the 4 bi-directional jets in “on-off” mode rather than continuous (analog) thrust forces.  

3.2.1 Analysis at Post-Separation, T= 180 sec 

The analysis files for this flight condition are in “Examples\23-Classic Launch Vehicle Design & Simulation\3-
Stability Analysis with Flex & Slosh\2nd Stage\T180”. The input file is “Flex_Vehi_T180.inp”. The LQR state-
feedback gains Kq_t180= [0.57, 1.08, 0.035] will be used for both pitch and yaw control, feeding back: 
attitude, rate, and attitude integral. The modal data and node ID files at T180 are “Stage2_100%.Mod” and 
“Stage2_100%.Nod” respectively. They are created from finite element models when both tanks are full. They 
are used by the Flixan mode selection process to select and scale a set of structural modes that will be 
combined with the rigid vehicle data and create the flex vehicle state-space system for the analysis. The mode-
selection process for the T180 case is described in detail in Section 3.3. The selected set of modes is included 
in file “Flex_Vehi_T180.inp” under the title “Vehicle Second Stage Flex Modes with 100% Full Tanks”. 

The title of the vehicle data is “Launch Vehicle Second Stage Analysis Model, T=180 sec”. It includes the 
gimbaling engine and the 4 bidirectional thrusters, ±3 (lbf) each, which in fact they are 8 jets as shown in 
Figure 3.1. The data include propellant sloshing parameters for the LOX and LH2 tanks, such as: the 2 slosh 
masses which are small in this post-separation time-slice, slosh frequencies for each mass along y and z at 1g, 
the damping coefficients along y and z, and the x, y, z locations of the 2 slosh masses. The LOX and LH2 slosh 
frequencies are both 3.12 rad/sec at 1g acceleration. They are scaled by the program proportionally to the 
square root of the vehicle acceleration. Although the 2 propellant frequencies are defined to be the same at 
1g, they change slightly under closed-loop control. 

The number of modes to be included from the selected set of modes is also shown at the bottom of the 
vehicle dataset. The modal data set typically includes more modes than needed for the analysis. The input file 
also includes a dataset that creates a linear actuator model for second stage. The parameters are a little 
different from 1st stage, such as, inertia, friction, etc. A non-linear actuator Simulink model will be used in the 
simulation. The non-linearities are due to Coulomb friction at the gimbal, position and rate limits. A batch set 
is included at the top of the input file that can process the vehicle and actuator data faster in batch mode and 
it exports the state-space systems in Matlab format. 

  



 



 

The following initialization file “init.m” loads the Flixan generated vehicle and actuator systems, the mixing-
logic matrix, and the LQR control gains into Matlab. Also, the vehicle mass properties which are needed in the 
RCS phase-plane logic. 

 

  



Simulation Model 

The simulation model is “NonLinear_Sim.slx” shown in Figure 3.2.1. It consists of the vehicle second stage 
model which is shown in detail in Figure 3.2.3, the non-linear actuators is in Figure 3.2.4, the TVC flight control 
system is in Figure 3.2.2, and the phase-plane RCS for roll control is in Figure 3.2.5. The vehicle attitude is 
initialized at a non-zero initial state [-1, 2, -2] and it is commanded to go to [+5, -5, +5] (deg) in roll, pitch and 
yaw, respectively. 

 

Figure 3.2.1 Second Stage Simulation Model “NonLinear_Sim.slx” 

 

Figure 3.2.2 Pitch and Yaw State-Feedback Control System 



 

Figure 3.2.3 Second Stage Vehicle Subsystem with Slosh and Flexibility 

 

Figure 3.2.4 Non-Linear Actuator Subsystem 



 

Figure 3.2.5 Roll RCS 

 Simulation Results 

Figure 3.2.6 shows the system’s response to 5°commands in all 3 axes. Pitch and Yaw are controlled by the 
single TVC engine. Roll is controlled by the phase-plane bang-bang reaction control system. 

 

Figure 3.2.6 Attitude Response to ±5° Commands 



 

 

Figure 3.2.7 Attitude Error versus Time and Attitude Error versus Rate 



 

Figure 3.2.8 Body Rates, Gimbal Deflections and RCS Thrusts. The Coulomb Friction at the Gimbal Causes a Low Amplitude Periodic 
Oscillation in Pitch and Yaw 



Stability Analysis at Post-Separation, T= 180 sec 

The Simulink model “Open_Loop.Slx” is used to analyze the system stability in pitch and yaw. It is shown in Figure 
3.2.9 configured for pitch open-loop analysis with yaw loop closed. We don’t worry much about roll because it is a 
very low bandwidth non-linear system. The Flixan derived linear actuator system is used in this model. The slosh 
modes in Figure 3.2.10 are small because the propellant tanks are almost full at post-separation. 

 

Figure 3.2.9 Simulink Model “Open_Loop.Slx” Used for Pitch and Yaw Stability Analysis 

 



 

Figure 3.2.10 Pitch and Yaw Stability Analysis at Post-Separation, T= 180 sec. It Shows that the Flex Modes are 
Attenuated and the Slosh Modes are Very Small at this time. 

3.2.2 Control Analysis at T= 280 sec 

At T= 280 sec the tanks are more depleted and the propellant sloshing effect becomes stronger because the 
slosh masses are bigger and the slosh forces against the tank walls are creating a bigger disturbance on the 
vehicle. To make things worse, the x-location of the LOX mass happens to be between the vehicle center of 
rotation and the XCG which makes the phase of the slosh mode opening towards the critical -1 point in the 
Nichols chart, Figure 3.2.11, which is pointing towards instability. The LH2 tank mode is fine, opening away 
from the + point towards the stable direction. In this case, the easiest way to stabilize the LOX mode is to 
increase the damping coefficient from ζ=0.002 to ζ=0.03 which is accomplished by including baffles inside the 
tank which dampens the sloshing effect. Figure 3.2.11 compares the system stability when using two different 
values of LOX damping coefficient. 

  



 

Figure 3.2.11 Stability at T= 280 sec is Strongly affected by the LOX Damping. The LOX Slosh Mode is Phase Unstable at 
Low Damping (Orange Curve). It can be Stabilized by Increasing the Damping Coefficient to ζ= 0.03 (Blue Curve), which 
means, adding Baffles inside the Tank. The LH2 Slosh Mode is Phase Stable. The Magnitude of the LH2 Mode is also 
affected by increasing Damping in the LOX Mode because their Frequencies are very close and they interact. 

  



 

Figure 3.2.12 The Above Simulation Results Show the System Response to a [+5, +5, -5] Attitude Command in Roll, 
Pitch and Yaw Respectively from an Initial Attitude [-1, -2, +2]. The Unstable LOX Mode has been Stabilized by 
Increasing the Damping. The effects of Sloshing and Bending are visible in the Body Rates 





 



3.2.3 Control Analysis at T= 350 sec 

 

Figure 3.2.13 Pitch and Yaw Stability at T= 350 sec. LH2 is Phase-Stable with Low Damping. LOX is Phase-Unstable and 
Requires Additional Damping in order to be Passively Stabilized 



 

  



 



3.2.4 Control Analysis at T= 420 sec 

At T= 420 the LOX mode is still phase unstable (opening towards the + critical point) but the instability is 
somewhat reduced. With a damping coefficient ζ=0.02 the mode has enough margin. The pitch/ yaw system 
bandwidth is slightly increased to 1.35 r/s. In Figure 3.2.14, the engine mounting structural mode at 48.5 r/s is 
becoming stronger now as the vehicle gets lighter, but there is still enough gain margin. The transient 
responses to commands in the next figures, they also look good. 

 

Figure 3.2.14 Pitch and yaw TVC Stability at T= 350 sec. 





 



3.2.5 Control Analysis at the End of 2nd Stage, T= 490 sec 

 

Figure 3.2.15 Pitch and Yaw Stability at T= 490 sec. Both LOX and LH2 slosh modes are phase-stable at a low ζ=0.001 
damping. The location of the LOX mass is no longer between the CG and the Center of Rotation. The Slosh Frequencies 
are increased because the Vehicle Acceleration is higher as it loses mass. The Slosh disturbance on the vehicle, 
however, is increased because the vehicle is lighter 





 



3.3 Mode Selection 

The file that contains the finite element structural modes at T180 is “Stage2_100%.Mod” in folder: “23-Classic Launch 
Vehicle Design & Simulation\3-Stability Analysis with Flex & Slosh\2nd Stage\T180”. It is a Nastran output that contains 
the mode shapes and slopes for 12 modes, at 8 vehicle locations (nodes). The modal data file contains frames of 
data at each mode frequency. Each frame consists of the mode frequency in (rad/sec), the modal damping 
coefficient (ζ) which are all set to ζ=0.005, the generalized mass (all set to 1 in this case), followed by the 
mode shapes and slopes at the 8 vehicle locations (3 translations x, y, z, and 3 rotations about x, y, z). The 
modal data filenames must have an extension (Mod). The data is in Nastran units is not compatible with the 
vehicle data. 

The locations which are important for flight control analysis are the engine gimbal, the sensor location, and 
the locations of the two slosh masses. The vehicle locations are defined in a separate nodes file 
“Stage2_100%.Nod”, also known as map, that contains a description for each node, the node numbers (in this 
case 1 to 8), a node identification number (that is the node number used in the Nastran model), and the 
location of each node in vehicle coordinates which is only used for reference. The node ID filenames must 
have an extension (Nod). 

 

Figure 3.2.16 Modes File “Stage2_100%.Mod” 



 

Figure 3.2.17 Nodes Identification File “Stage2_100%.Nod” 

The mode selection is a Flixan process by which a smaller number of modes (12 dominant modes in this case) 
are selected to be included in the vehicle input file and be combined with the rigid vehicle data. After selecting 
the project directory, the Flex Mode Selection program is selected from the Flixan main menu. It begins with a 
small filenames selection menu where the user selects the modal data and the node files, the flight vehicle 
input data file, and an output filename (Modsel.Msl by default) that will include the relative mode strength at 
the completion of the mode selection. 

 

 



The next step is to locate the flight vehicle input dataset from file “Flex_Vehi_T180.Inp”. The vehicle input data 
will be combined with the selected modes to create the vehicle state-space system. It is also used by the mode 
selection program to extract information regarding the TVC, RCS, gyros, and slosh parameters which are 
defined in yhe vehicle dataset. Select the vehicle title “Launch Vehicle Second Stage Analysis Model, T=180 
sec” and click on the “Run Selected Input Set” button. The mode shapes must be scaled during this process in 
order for the units to be compatible with the rigid-body data.  

 

  

The above dialog is used to define the following: 

1. The range of modes to be compared. In this case it is from 1 to 12, all flex modes.  
2. The number of excitation force and torque points used in the mode selection process. 2 forces and 1 torque in 

this case. These nodes are only used for mode strength comparison purposes and they are not necessarily 
vehicle actuator locations. 

3. The number of translational and rotational sensor points used in the mode selection process. 2 translational and 
1 rotational in this case. These nodes are only used for mode strength comparison purposes and they are not 
necessarily vehicle sensor locations. 

4. The program has two Mode Selection options: (a) a number of modes are either selected automatically based on 
their relative modal strength or (b) they are selected manually using a graphics bar chart that plots the relative 
mode strength versus the mode number. We more often prefer the manual graphic selection using the bar 
chart. 
 

  



The program will ask you if you want to modify and rescale the modal data. Answer “Yes”. The dialog below is used for 
scaling and modifying the data. The default units from a Nastran model are often different from the units of the vehicle 
model and we must convert the modal data to units which are compatible with the vehicle data. The directions of the 
coordinate axes may also be different between the two models but in this case the axes are in the same directions. The 
generalized mass is often defined in “snails” (lb-sec2/inch), and it must be multiplied by 12 to be converted to “slugs” (lb-
sec2/feet). Similarly, the generalized modal rotations (slopes σ) are often defined in (rad/inch) in the Nastran model and 
they must be multiplied by 12 in order to be converted to (rad/foot). The generalized modal displacements (φ) don’t 
need any scaling to be converted from (in/inch) to (ft/feet). 

 

The next step is to identify the excitation and sensor points on the structure that will be used to calculate and to 
compare the mode strengths in the selection process. In the previous dialog we defined 2 excitation forces and 1 torque. 
We also defined 2 translational and 1 rotational measurement points. We must now define the nodes of those excitation 
and sensor points. They will be used only for mode selection purposes and they are not always the same locations as the 
TVC gimbal and the flight control sensors, that will be defined later. The mode selection program provides interactive 
menus which are used to define the locations of the excitation and sensor points. It displays the nodes map in a menu 
form that allows the user to select the excitation and sensor locations in the structure model and also the directions of 
the excitation and measurement. Each selection defines a node number and the program reads the corresponding mode 
shapes at all frequencies. From the mode shapes and from the directions of the excitations and sensors the program 
calculates the modal strength at each frequency. In the following case, the program wants to define a node for the force 
excitation #1. We select the 3rd node that corresponds to the TVC gimbal, and the force direction is along +Y. Click “OK” 
to continue. We do the same for the second force excitation along +Z, and the torque excitation which is in +roll. We 
must also define locations for the 3 sensors. They are all in the IMU node #2, measuring along Y, Z, and roll. 

 



 



 

The mode selection process is not complete yet because the program needs more information from the user 
before it can calculate the reduced set of modes in the input data file. The selected modes dataset will consist 
of the dominant mode frequencies and the mode shapes only at the locations that correspond to the locations 
defined in the vehicle input data, such as, the engine gimbal, RCS, sensors, and slosh masses. This is why we 
need the vehicle dataset in the mode selection, in order to match the vehicle locations with structural nodes 
from the FEM. A similar node identification process will be repeated where the user must select structure 
nodes that correspond to important vehicle locations which are defined in the vehicle input data and they are 
not necessarily the same as the points that were used in the mode strength comparison. The program uses 
menus similar to the previous menus and it will ask the user to identify locations for the TVC engine, the 4 RCS 
jets, the 2 slosh masses, the IMU sensors, and a disturbance point. These vehicle node selection menus are in 
blue color to be differentiated from the previous yellow menus which are used for mode strength calculations. 



 



 



You must also enter a label that will be inserted in the title of the modal dataset to identify the dataset. At this point the 
mode strength comparison is complete. The program saves the relative mode strength for each mode in file 
“Modsel.Dat” and expects the user to manually select the dominant modes from the following bar-chart. Each mode 
appears as a vertical red bar of the mode strength plotted against the mode numbers, and the height of each bar is 
logarithmically proportional to its modal strength. The strong modes appear tall and the weak modes are short. The user 
can manually select some of the strongest modes by pointing the mouse cursor on a bar and clicking the mouse. The 
modes change color from red to green when they are selected.  9 flex modes were selected in this case. When you finish 
selecting the modes press the “Enter” button on the keyboard and it will save the selected modal data set in the input 
file (.Inp). Additional notes or comments can be entered in the field below that will provide information about the mode 
selection process.  

 

The selected and scaled set of mode frequencies and shapes are finally saved in the input file under the specified title 
and ready to be processed by the vehicle modeling program. The title can be changed to better define the selected 
modes. The title of the selected modes must also be included in the last line of the vehicle input data (below the line 
that specifies the number of flex modes) in order for the flight vehicle modeling program to associate the modes with 
the vehicle data. 



 

The selected set of modes is shown below (only the first mode). The top red line is the id line that identifies the dataset 
as modal data. The second line (blue) is the title of the modal data set “Vehicle Second Stage Flex Modes with 100% Full 
Tanks”. The third set of lines (green) are the comments added by the user. The scaled modal data set consists of frames 
of data for each mode that include: the mode frequency in (rad/sec), damping coefficient zeta, and the generalized 
modal mass. Each frame also includes the mode shapes and slopes (three translations along x, y, z, and three rotations 
about x, y, z) at the vehicle locations defined. The data is already properly scaled and ready to be processed by the 
vehicle modeling program together with the rigid vehicle data 

 



4. Analyzing the Control System Performance and Robustness to Uncertainties 
  
Robustness is the ability of the control system to tolerate external disturbances and also variations or 
uncertainties in vehicle parameters. In this section we will create dynamic models that can be used to analyze 
the system robustness to parameter uncertainties and also sensitivity to wind-gusts. Sensitivity is defined as 
the ability of the control system to counteract disturbances, and in this case, it is the effects of wind-gusts on 
the angles of attack and sideslip which represent lateral loads. The Singular Value (SV) plots are used to 
analyze the system’s sensitivity between certain inputs and outputs with the control loop closed. We will also 
analyze the system’s robustness to internal parameter variations. That is, how much of parameter variations is 
a system able to tolerate before it becomes unstable, or stops performing properly? Parameter uncertainties 
can be seen as imprecise knowledge of the plant parameters, such as: mass, moments of inertia, aerodynamic 
coefficients and derivatives, dynamic pressure, center of gravity, thrust variations, slosh and flex parameters, 
etc. The uncertainties in a model are defined in terms of variations of the actual plant parameters, relative to 
their nominal values. These uncertainties are called “Structured”, in contrast with the “Unstructured” 
uncertainties which are described in the frequency domain in terms of maximum amplitude error in the 
transfer function model.  
 

 
Figure 4.1 The Uncertainties are extracted from the plant M(s) and are placed in a diagonal ∆ block 
 
The following method is used by the Flixan program to create the vehicle state-space systems for analyzing the 
control system robustness to parameter uncertainties, where the magnitude of the variation is known. The 
variation of each parameter is “pulled out” of the uncertain plant model and it is placed inside a diagonal block 
∆ that contains only the uncertainties. The remaining plant is assumed to be known (best guess).  
 
  



The ∆ block is attached to the known plant M(s) by means of (n) input/ output “wires”, where (n) is the 
number of plant uncertainties, as shown in Figure 1. In essence, if M(s) is the plant model representing the 
flight vehicle, we are creating (n) additional inputs and outputs to M(s) that connect with the uncertainties 
block ∆, which is a block diagonal matrix ∆= diag(δ1,δ2,δ3,...δn). The individual elements δi of the matrix block ∆ 
may be scalars or small matrix blocks and each element represents a real uncertainty in the plant. The 
magnitude of each δi represents the maximum variation of the corresponding parameter above or below its 
nominal value pi. Note that M(s) in addition to the vehicle dynamics it also includes the control system in 
closed-loop form and M(s) is assumed to be closed-loop stable. So, the internal uncertainty Δ block is “pulled 
out” of the closed-loop plant M(s) and it is connected to M(s) via the additional inputs and outputs. 
 
The stable closed-loop system M(s) in Figure 1 is defined to be robust to a set of parameter variations δi which 
are included in the Δ block if it remains stable in the presence of all possible variations of those parameters as 
long as the magnitude of each variation from its nominal value does not exceed the amount of the 
corresponding uncertainty δi. The control system Robustness and Performance are analyzed in the frequency 
domain, similar to sensitivity analysis, using the structured singular value (SSV) or µ−method. The following 
three types of criteria are used for analyzing the closed-loop system performance and robustness:   
 

1. Nominal Performance: is the ability of the nominal closed-loop plant to satisfy the sensitivity 
requirements to winds or to commands without parameter variations 

2. Robustness to Parameter Variations: is the ability of the control system to remain stable in presence of 
all parameter variations which are included in the block ∆, and 

3. Robust Performance: is the ability of the control system to satisfy conditions (1) and (2) together. That 
is, satisfying robustness to parameter variations and simultaneously maintaining an acceptable 
sensitivity response to external disturbances or commands. 
 

The augmented state-space system M(s), without the Δ block, is used to calculate robustness using µ-
methods. To simplify the analysis, the inputs and outputs of the plant M(s) which are connected to the Δ block 
are scaled so that the individual elements of the diagonal uncertainty block ∆ can now vary between +1 and -
1. This simple scaling allows the gains of the parameter variations δi to be absorbed in M(s) and the 
magnitudes of the new uncertainties are now bounded to be less than 1. The value of 1/µ(M) represents the 
magnitude of the smallest perturbation that will destabilize the normalized closed-loop system M(s). 
According to the small gain theorem, the closed-loop system is robust as long as µ(M) across the normalized 
block ∆ is less than one at all frequencies.  

We will now describe an algorithm which is included in the Flixan vehicle modeling program to extract the 
uncertainties and generate the dynamic model that can be used to analyze the control system robustness to 
parameter uncertainties. it does not change the vehicle model but it includes additional inputs and outputs 
that connect with the uncertainty parameter block Δ. The uncertain parameters and their magnitudes are 
defined in a data set in the input data file together with the vehicle input data. The augmented model is then 
used to analyze robustness in Matlab by computing the mu frequency response across the open I/O 
connections. 

  



4.1 The Internal Feedback Loop (IFL) Structure 
 
The IFL method allows internal parameter perturbations in a plant to be treated like external disturbances in 
the system by means of fictitious inputs and outputs. This representation allows us to use µ-tools for analyzing 
robustness to uncertainties, or to apply H∞ and other robust methods to design control systems that can 
tolerate a certain amount of parameter variations. To utilize the IFL concept the system must be expressed in 
the following form, where [ΔA, ΔB, ΔC, ΔD] are variations in the state-space system matrices as a result of 
variation in one of the parameters. 
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Suppose that they are (l) independently perturbed parameters: p1, p2, ... pl  with bounded parameter 
variations δpi, where their magnitude │δpi│≤ 1. The perturbation matrix ΔP= [ΔA, ΔB; ΔC, ΔD] can be 
decomposed with respect to each parameter variation as follows: 
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Where for each parameter pi 
αx(i) and  αy(i)  are column vectors 
βx(i), and βu(i)  are row vectors 
 
The plant uncertainty matrix ∆P due to all perturbations can be written in the following form, where the 
perturbation block ΔP is assumed to have a rank-1 dependency with respect to each parameter pi.  
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Where Mx and My are stacks of column vectors, and Nx and Nu are stacks of row vectors as shown below 
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Where Δ = diag [ δp1, δp2, δp3,.... δpl ] is the diagonal block of Figure-1 containing the uncertainties. Notice, 
that in order to simplify the implementation, the columns of matrices Mx and My and the rows of matrices Nx 
and Nu are scaled, so that the elements of the diagonal block Δ have unity upper bound. Now let us introduce 
two new variables (zp and wp) and rewrite the equations in the following system form in order to express it as 
a block diagram. 

ppuxp zwanduNxNz ∆−=+=  

 
The perturbed state-space system can be expressed by the following augmented representation which is the 
same as the original system in the upper left side, with some additional input and output vectors, an input and 
an output for each parameter uncertainty. 
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If we further separate the plant inputs (u) into disturbances (w) and controls (uc). That is: u=[w, uc], and if we 
also separate the plant outputs (y) into performance criteria (z) and control  measurements (ym), the above 
system is augmented as shown below. 
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The above formulation is useful for µ-synthesis or robustness/ performance analysis using µ-methods. It is also 
shown in block diagram form in Figure 2. The uncertainties block ∆ is connected to the plant by means of the 
inputs wp and the outputs zp. The columns in the Mx, Mw, and Mym matrices and the rows in the Nx , Nw, and 
Nuc matrices are scaled by dividing with the square root of the corresponding singular value in order to allow 
the elements of the uncertainty block ∆ to be normalized to unity. 
 
The control system K(s) is designed to stabilize the nominal plant P(s). When the feedback loop is closed 
between ym and uc the control system is also expected to keep the plant stable despite all possible variations 
in the elements of the block ∆ which are allowed to vary between -1 and +1. This property is defined as Robust 
Stability. In addition to robust stability the control system must also be able to satisfy “Nominal Performance” 
requirements. That is a bounded and well-behaved response between the disturbances w and the criteria z.  
 
  



We can also analyze robustness to uncertainties and performance to disturbances together, a property known 
as “Robust Performance”. In Figure 4.2 the plant P(s) has the control loop closed and also the uncertainty loop 
closed via the ∆-block. The closed-loop system satisfies the Robust Performance criterion when it remains 
stable, and it is also able to satisfy the required performance criteria between w and z despite the possible 
variations in the internal parameters represented in the normalized uncertainties block ∆, where the 
individual magnitudes δi do not exceed 1. 
 

 
Figure 4.2 Robustness Analysis Block showing the Uncertainties IFL loop, the control feedback loop, the disturbances (w), and 
performance outputs (z) 
 
This system can also be represented in matrix transfer function form as follows 
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After closing the loop with a stabilizing controller K(s) the closed loop system is represented with the following 
transfer function matrix 
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The above transfer functions are used to evaluate system robustness and performance of the closed loop 
system 

Robust Stability: Stability robustness with respect to parameter uncertainty is determined by the transfer 
function T11(s). Smaller ║T11║∞ allows larger parameter uncertainty for closed loop stability. The closed loop 
system is considered to be robustly stable with respect to the parameter perturbations block Δ, where ║ Δ 
║≤1, when the µ{T11(ω)}< 1 at all frequencies (ω). 
 
Nominal Performance: Nominal performance is used to calculate the system’s sensitivity to excitations and it 
is obtained from the transfer function T22(s). This transfer function must be scaled by multiplying its inputs 
with the max magnitude of the excitations and by dividing its outputs with the max allowable error. The 
system meets Nominal Performance when the scaled ║T22(ω)║∞< 1 at all frequencies (ω). For example, 
maximum wind-gust velocity disturbance must not exceed the maximum allowable angle of attack dispersion. 
 
Robust Performance: is achieved when the system meets the performance and robustness requirements 
together. This happens when the following condition is satisfied at all frequencies. 
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4.2 Parameter Uncertainties Modeling Program 
 
The parameter uncertainties modeling program in Flixan implements the IFL method of extracting the 
parameter uncertainties and creating an augmented state-space vehicle model that includes the additional 
fictitious inputs and outputs that connect with the normalized uncertainty block ∆, as shown in Figure 2 and 
described in the previous section. The program calls the flight vehicle modeling program that processes the 
vehicle data and generates state-space systems. In addition to the vehicle data, the program also reads the 
uncertainties data from the input data file (.Inp). The algorithm calls the vehicle modeling program multiple 
times. It begins by processing the nominal vehicle dataset and repeats the data processing for each parameter 
variation. It eventually generates the uncertainty state-space vehicle model, which is similar to the nominal 
model, but it includes the additional input/ output pairs that connect with the extracted uncertainties. 
 
  

  
  



The parameter variations from their nominal values are included in a separate uncertainties dataset which is 
located in the input data file (.Inp) together with the vehicle data. The title of the dataset that includes 
uncertainties must also be included in the vehicle input data in order for the program to associate the 
variations with the actual vehicle parameters. The program reads and processes the uncertainties together 
with the vehicle data by calling the vehicle modeling program for each variation. The following process is used 
to calculate the uncertainty model: 
 

1. The vehicle modeling program is called initially to process the nominal set of vehicle data and to create 
the “known” plant state-space model [A, B; C, D]. 
 

2. One and only one of the vehicle data parameters must be modified at a time, by either increasing or 
decreasing the parameter from its nominal value by the amount of the maximum expected variation 
(δp1) and the modified vehicle data is reprocessed by the vehicle modeling program to create a new 
state-space system [A1, B1, C1, D1] that corresponds to parameter #1 variation. The matrix difference 
between the nominal and the perturbed state-space models is calculated: 
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3. This matrix is decomposed using SVD to calculate the column vectors αx(1) and  αy(1) and the row 

vectors βx(1), and βu(1), as shown in the equation. 
 

4. The previous parameter is restored to its original value and another parameter #2 in the vehicle input 
data is modified by an amount δp2 which represents the maximum variation of this parameter, as in 
step-2. Repeat steps 2 and 3 and calculate the vectors αx(2),  αy(2), βx(2), and βu(2). 

 
5. Select another parameter to perturb and repeat steps 2, and 3 until there are no more uncertain 

parameters to vary. Stack the row and column vectors as shown in the equations to create the stacks 
of column vectors: Mx and My and the stacks of row vectors: Nx and Nu.  
 

6. These matrices are then used to create the additional inputs and outputs in the state-space model. The 
columns of matrices Mx and My and the rows of matrices Nx and Nu are also scaled according to the 
magnitude of the uncertainties δpi so that the interconnections correspond to a unity normalized ∆-
block. 

 
The uncertainty model is then used in combination with the flight control system to analyze the closed-loop 
system performance and robustness to uncertainties by calculating the µ-frequency response of the plant 
across the interconnections with the ∆ block, as shown in Figure 2. That is, between wp and zp, with the 
control loop K(s) closed.  
 
4.3 Max-Q Analysis Model 
 
The Flixan input data file for this Max-Q robustness analysis is “Flex_Vehi_T80.inp”. It includes the vehicle 
dataset at Max-Q, the uncertainties set, the mixing logic, the actuator and the previously selected modal data. 
It also includes data conversion datasets. The uncertainties dataset has a similar structure as the vehicle 
parameters dataset. It includes variations relative to the nominal vehicle parameters and it has a title. It 
includes: mass properties, aero data, slosh and flex parameter variations. The known elements that do not 
vary must be set to zero and only the maximum value of the parameters that vary are included.   



The Flixan program identifies the parameter uncertainties dataset from the label: “UNCERTAIN PARAMETER 
VARIATIONS FROM NOMINAL …” which is located at the top of the dataset. There may be more than one 
uncertainties dataset, and each uncertainties dataset is identified by a separate title. The title of the 
uncertainties data set is “Uncertainties for First Stage Max-Q” and it is also included at the bottom of the 
vehicle data, same as the title of the modal data set “First Stage Flex Modes at 50% Full Tanks”. The vehicle 
model “Launch Vehicle First Stage Analysis Model, T=80.0 sec”, including slosh, flexibility and uncertainties, is 
saved in the systems file “Flex_Vehi_T80.Qdr” and in file “vehicle_t80.m” for Matlab analysis. An input/ output 
pair is created in the system for each uncertainty. That is, in addition to the usual inputs and outputs which 
are defined by the nominal vehicle dataset. 
 

 

 
 



 
 

 
 
Three Simulink models will be created to analyze the following: (a) Nominal Performance in terms of angle of 
attack sensitivity to gusts assuming fixed vehicle parameters, (b) Robust Stability to parameter uncertainties, 
assuming known max variations, and (c) Robust Performance, which is, the control system’s ability to 
simultaneously satisfy performance to gusts (a) and being robust to the uncertainties (b) simultaneously, 
which is more challenging than (a) and (b) alone. 



 
 

  



4.4 Nominal Performance Analysis 
 
The Simulink model “Performance.slx”, shown in Figure 4.4, is used to analyze the (α, β) sensitivity to gusts at 
Max-Q. The performance requirement is for the angles of attack and sideslip α and β to be less than 4° at all 
frequencies. This is used for analyzing the lateral loading on the vehicle in the presence of wind-gust 
disturbances which are less than 25 (ft/sec) of magnitude, perpendicular to the vehicle x-axis. 
 
We close the control loop to stabilize the vehicle and scale the plant input and output to normalize it. The 
input is multiplied by 25 (ft/sec) and output is divided by 0.068 (rad). Then we run the script file 
“Run_Performance.m” to calculate the SV response between inputs and outputs. The magnitude of the 
transfer function should, therefore, be less than one (or zero dB) at all frequencies, as it is shown below in 
Figure 4.3, in order to satisfy the performance requirement. 
 

 
Figure 4.3 Nominal Performance is Satisfied when the Magnitude of the Sensitivity Curve is Less than 1 (0 dB) at all Frequencies 
  



 

 

 
Figure 4.4 Performance Analysis Model “Performance.slx” Analyzes Sensitivity to Gusts   



4.5 Analyzing Stability Robustness 
 
The next step is to analyze robustness. That is, if the control system remains stable when the selected 
uncertain parameters vary from their nominal values. The Simulink model “Robustness.slx” will be used to 
check the control system robustness in presence of the selected parameter variations within the specified 
range. The system robustness is obtained by running the script file “Run_Robustness.m” which calculates the 
SSV frequency response or µ-plot of the closed-loop plant M(s) across the inputs and outputs wp and zp that 
connect with the variations block ∆, as shown in Figure 4.2. The closed-loop plant M(s) is already stabilized 
with a controller K(s). The system’s stability is robust to the uncertainties when the SSV plot is less than one at 
all frequencies. In order to properly apply the theory and to avoid being over-conservative, each parameter 
variation should correspond to a plant variation (∆A, ∆B, ∆C, ∆D) that has a rank-1 dependency to the 
variation, producing therefore, a single δi element in the ∆ block. But in this case some variations produce 2 or 
even 3 δi elements, for example, the CG variation, because they affect both pitch and lateral axes. This 
complicates the analysis slightly and in order to avoid being over-conservative we separate the pitch and 
lateral δi elements into separate groups and analyze pitch and lateral axes separately using their 
corresponding uncertainties. So, when the program produces 2 δi elements from one parameter perturbation, 
we separate them and place the δi element that is coupling with the pitch dynamics in the pitch subsystem 
and the other δi element that is coupling with the lateral dynamics in the lateral subsystem, as shown in Figure 
4.5 which is configured here to analyze pitch robustness. For lateral analysis the figure must be modified to 
connect to the second (yaw) input and output. Figure 4.6 shows that the mu frequency responses of the pitch 
and lateral systems across the normalized ∆ blocks are less than 1 at all frequencies which satisfies the robust 
stability requirement. 
 

 
Figure 4.5 Robustness Analysis Simulink Model “Robustness.slx” Shown for Analyzing Pitch Robustness 



 
Figure 4.6 The Uncertainty Input and Output Connections are Separated into Pitch and Lateral and the Pitch and 
Lateral Robustness are Separately Analyzed Using Simulink Model “Robustness.slx”   



 
Figure 4.6 Robustness is Satisfied in the Pitch and Lateral Axes with some margin to spare. It shows sensitivity at the slosh 
frequency 4.1 (rad/sec), at 10 (rad/sec) possibly due to actuator limitations? There is also a spike at the engine rocking mode 
frequency at 50 (rad/sec).  



4.6 Analyzing Robust Performance 
 
The Simulink model “Robust_Performance.slx” is used to analyze the control system’s Robust Performance, 
which is the ability to satisfy the normal and lateral aero loading due to wind gusts and to maintain system 
stability in the presence of all parameter variations within the specified limits. The Robust Performance 
analysis is similar to the robustness method, but it includes one additional input/output pair: the gust input to 
the vehicle and the alpha or beta output. The orientation of the gust input is defined by two angles in the 
vehicle dataset and it excites both pitch and lateral axes. The normalized sensitivity/ performance I/O pair 
(similar to the one used in the analysis model) is now included to the uncertainty I/O pairs to create the 
Robust Performance model. Robust Performance is obtained by calculating the SSV frequency response of the 
closed-loop plant M(s) across the (n+1) inputs and (n+1) outputs that connect with the n parameter variations 
block ∆, plus one additional sensitivity analysis I/O, as shown in Figure 4.7. It is calculated by running the script 
file “Run_Robust_Performance.m”. The system satisfies Robustness and Performance together when this SSV 
plot is less than one at all frequencies. 
 

 
Figure 4.7 Robust Performance Analysis Simulink Model “Robust_Performance.slx” Configured for Analyzing the Pitch Axis 
 
 
Conclusions 
 
The analysis results show that the control system is robust to both, gusts and to parameter variations at Max-
Q. However, it also indicates that there is some sensitivity to variations at 3 frequencies that we should try to 
improve, the slosh frequency at 4.1 (rad/sec), at 10 (rad/sec) which is near the cross-over (possibly needs a 
little higher actuator bandwidth?), and at the frequency of the engine rocking mode which has been 
attenuated with a filter. 
 



 

 
Figure 4.8 System Satisfies Robust Performance Requirement in Both Pitch and Lateral Axes 



5. Analyzing the Unstable Slosh Effects During 2nd Stage 

In Sections 2 and 3 the linear spring-mass analogy propellant slosh model was included in the Flixan vehicle 
systems and used for the stability analysis. The mass is initialized resting at the center of the tank. It is excited 
by the normal and lateral accelerations (az and ay) at the tank centerline and it deflects relative to the tank 
centerline perpendicular to the vehicle axial acceleration vector Ax. The mass responds by applying reaction 
forces and torques back on the vehicle as it oscillates along the y and z axes. The analysis performed at around 
T=350 sec shows that the LOX mode is unstable under TVC control because the mode incircles the critical 
point +. The LH2 slosh node, however, is phase-stable. The LOX instability in this flight condition with an 
unbaffled tank of damping coefficient ζ= 0.002 is very unstable when analyzed using linear Nichols plots. It 
remains unstable even when the LOX damping coefficient is increased to ζ= 0.02. Linear stability is not the 
ideal criterion to determine the optimal damping coefficient and baffle requirements versus tank fill level. A 
better than a spring-mass model is needed to determine what is the minimum damping coefficient that the 
system will be able handle before the slosh oscillations degrade the vehicle performance. To do that we will 
need a non-linear simulation model that includes non-linear actuators and a more realistic slosh model, the 
spherical pendulum model.  

The spherical pendulum model is a mass suspended by a string with the other end of the string attached to the 
tank centerline. Unlike the simple pendulum that only swings in a plane, the spherical pendulum can swing 
inside a sphere, along both y and z directions. The advantage of this model is that it limits the amplitude of the 
mass deflection from the tank center to the length of the pendulum, unlike the linear model where the mass 
deflection may exceed the tank radius and extend to infinity. The second advantage is that it includes the 
centripetal reaction forces against the tank walls which are generated by the angular velocity of the slosh 
mass when it spins around the tank. It allows us to analyze vortex type of dynamic instabilities in simulations 
when the mass develops a swirling motion and the centripetal disturbance forces from the spinning mass are 
coupling with the TVC control system and induce rotational TVC gimbaling that further aggravates the spinning 
motion of the mass. The linear spring-mass or linear pendulum models include only the reaction components 
of force due to the spring constant or pendulum deflection under gravity acceleration. They do not include the 
centripetal forces that can be generated when the mass is spinning around the tank. The non-linear spherical 
pendulum model allows us to analyze vortex type of slosh instabilities by initializing the simulation with a slosh 
mass angular rate in addition to pendulum angle deflection and observing if it converges to a reasonably small 
amplitude or if it couples with flexibility and the control system and it diverges further to produce 
unacceptable limit-cycles.  

Figure 5.1 shows the pendulum slosh analogy of a tank that is filled at 60% level. In this tank we can assume 
that only 20% of the total propellant is sloshing near the surface of the liquid and the remaining 40% is rigidly 
attached at its center of mass on the tank centerline near the bottom. The length of the pendulum string is a 
little shorter (approx. 3/4) of the tank radius and it is attached at a point on the tank centerline a little below 
the liquid surface when it’s at rest. Unlike the linear analysis models where the slosh modes are included in 
the Flixan vehicle system, we will now create two separate spherical pendulum slosh subsystems in Simulink 
that will be coupled with the vehicle. We must therefore remove the two linear slosh modes from the Flixan 
vehicle and create the capability to physically couple the vehicle with the non-linear slosh models.  

 



 

Figure 5.1 The Pendulum Slosh Model 
 

The first step is to create a Flixan vehicle model with the capability to couple with the external slosh 
subsystems. The new vehicle model should include inputs that will receive the external forces and moments 
generated by the slosh masses. It must also include acceleration outputs at the 2 pendulum pivot points that 
will excite the pendulum mass deflections. 

The second step is to couple this new vehicle model with the 2 spring-mass linear models which are wrapped 
externally around the vehicle in Simulink and make sure that we get the same results as in the previous linear 
model that included the slosh internally.  

The third step is to replace the 2 external spring-mass models with the equivalent spherical pendulum models. 
Replace also the linear TVC actuators with non-linear TVC actuator models that include Coulomb friction at the 
gimbal and limits at the gimbal positions and rates. Finally, we will simulate the combined vehicle and 
pendulum slosh system initialized from different pendulum deflections and spin rates and adjusting the 
damping coefficient ζ from the low unbaffled value of ζ=0.002 to higher values, until a stable, acceptable and 
robust limit-cycle response is obtained. Let us begin by describing the linear spring-mass and the spherical 
pendulum slosh models. 

  



5.1 Linear Slosh Model 

The linearized spring-mass slosh model is described by the following 2nd order equations. The slosh mass 
displacements (zs and ys) are relative to tank centerline, and (az and ay) are the normal and lateral vehicle 
accelerations at the slosh mass location. The accelerations include components due to vehicle rotational 
accelerations and local flexibility at the tank centerline. 

�̈�𝑧𝑠𝑠[𝑠𝑠2 + 2𝜁𝜁𝜔𝜔𝑠𝑠𝑠𝑠 + 𝜔𝜔𝑠𝑠2] = −𝑎𝑎𝑧𝑧  

�̈�𝑦𝑠𝑠[𝑠𝑠2 + 2𝜁𝜁𝜔𝜔𝑠𝑠𝑠𝑠 + 𝜔𝜔𝑠𝑠2] = −𝑎𝑎𝑦𝑦  

The slosh frequency is 𝜔𝜔𝑠𝑠 = �
𝐴𝐴𝑥𝑥
𝑙𝑙𝑝𝑝

 is calculated from an equivalent pendulum  

The forces applied back to the vehicle by the slosh mass are: 

𝐹𝐹𝑧𝑧 = 𝑚𝑚𝑠𝑠(𝜔𝜔𝑠𝑠2𝑧𝑧𝑠𝑠 + 2𝜁𝜁𝜔𝜔𝑠𝑠�̇�𝑧𝑠𝑠) ;  𝐹𝐹𝑦𝑦 = 𝑚𝑚𝑠𝑠(𝜔𝜔𝑠𝑠2𝑦𝑦𝑠𝑠 + 2𝜁𝜁𝜔𝜔𝑠𝑠�̇�𝑦𝑠𝑠)  

The vehicle pitch and yaw moments are: 

𝑀𝑀𝑌𝑌 = −𝐹𝐹𝑍𝑍𝑙𝑙𝑥𝑥 − 𝑚𝑚𝑠𝑠𝐴𝐴𝑥𝑥𝑧𝑧𝑠𝑠;  𝑁𝑁𝑍𝑍 = 𝐹𝐹𝑌𝑌𝑙𝑙𝑥𝑥 + 𝑚𝑚𝑠𝑠𝐴𝐴𝑥𝑥𝑦𝑦𝑠𝑠 
 
Ax  is the axial acceleration along the pendulum  
lp  is the length of the equivalent pendulum 
lx  is the moment arm between the slosh mass and the vehicle CG 
 
They are implemented in the following Matlab function. Note, that only the second moment terms: 𝑚𝑚𝑠𝑠𝐴𝐴𝑥𝑥𝑧𝑧𝑠𝑠 
and 𝑚𝑚𝑠𝑠𝐴𝐴𝑥𝑥𝑦𝑦𝑠𝑠 are included in this function because the moments due to (Forces x Moment Arms) are already 
included in the Flixan model. 
 

  



5.2 Spherical Pendulum Model 

The spherical pendulum is the exact non-linear mathematical model of a mass suspended from a pivot by 
a non-elastic string that can rotate inside a sphere under the influence of accelerations applied at the 
pivot. The length of the string is l and it is attached at the tank centerline, see Figure 5.2. The slosh mass 
can swing in two directions along the y and z axes. It can also be seen as a mass rolling along the surface 
of the sphere. The mass displacement can be resolved by two rotations, a vertical rotation θ of the string 
along a longitude, and a horizontal rotation φ about the vehicle x-axis along a latitude circling around the 
tank centerline. The angle θ is measured from the vertical and it is always greater than zero and the angle 
φ is measured counterclockwise from the projection of l on the y-z plane.  

 

Figure 5.2 Spherical Pendulum 

The mass is initialized at (θ0 , φ0) and its motion relative to the tank is excited by the accelerations Ay and 
Az of the pivot point along the vehicle y and z axes. The pivot acceleration relative to the mass can be 
resolved into an axial acceleration Aξ towards the mass and a tangential At of the pivot parallel to the 
mass, as shown in Figure 5.3. The pendulum motion is described by two moment equations: vertical and 
horizontal. 

  



Vertical Moment Equation:  

Equation 1 represents the moment along the vertical motion and calculates the pendulum angle θ. It 
is excited on the RHS by the axial component of the vehicle acceleration Aξ towards the slosh mass 
which produces the vertical moment. The friction force Dvθ is produced as the mass is sliding along 
the surface with velocity vθ and produces an opposing torque, where D is the viscous friction 
coefficient.   

𝑚𝑚𝑙𝑙2�̈�𝜃 − 𝑚𝑚𝑙𝑙2�̇�𝜙2 cos𝜃𝜃 sin𝜃𝜃 + 𝑚𝑚𝑙𝑙𝐴𝐴X sin𝜃𝜃 = −𝑚𝑚𝑙𝑙𝐴𝐴ξ cos𝜃𝜃 − 𝐷𝐷𝑙𝑙2�̇�𝜃 (1) 

�̈�𝜃 = +�̇�𝜙2 cos𝜃𝜃 sin𝜃𝜃 − 𝐴𝐴X
𝑙𝑙

sin𝜃𝜃 − 𝐴𝐴ξ
𝑙𝑙

cos𝜃𝜃 − 𝐷𝐷
𝑚𝑚
�̇�𝜃    (2) 

 

For small angles and without the lateral motion this equation reduces to 

�̈�𝜃 + 2𝜁𝜁𝜔𝜔�̇�𝜃 + 𝜔𝜔2𝜃𝜃 = −𝐴𝐴ξ
𝑙𝑙

        (3) 

Where the oscillation frequency: 𝜔𝜔2 = 𝐴𝐴X
𝑙𝑙

  and the viscous friction coefficient  𝐷𝐷 = 2𝜁𝜁𝜔𝜔 𝑚𝑚, where ζ is the 

damping coefficient. The coefficient D is selected to produce a ζ =0.01. The pendulum length l is a little smaller 
than the tank radius. 

 

Figure 5.3 Top View. The Vehicle Normal and Lateral Accelerations are Resolved into Axial and Tangential Relative 
Accelerations 
  



Lateral Moment Equation:  

In the lateral direction the spin moment about x is calculated by equation 4, where the rotational 
angle φ is about the tank centerline x. It is excited by the torque produced by the relative tangential 
acceleration Aτ between the tank and the mass, which is perpendicular to the Aξ acceleration. There is 
also a viscous friction force Dvφ proportional to the horizontal velocity component producing a 
negative torque. 

𝑚𝑚𝑙𝑙2�̈�𝜙 sin2𝜃𝜃 + 2 𝑚𝑚𝑙𝑙2�̇�𝜃�̇�𝜙  cos𝜃𝜃 sin𝜃𝜃 = +𝑚𝑚𝑙𝑙𝐴𝐴t sin𝜃𝜃 − 𝐷𝐷�̇�𝜙𝑙𝑙2 sin2𝜃𝜃 (4) 

�̈�𝜙 = −2 �̇�𝜃�̇�𝜙  cos𝜃𝜃
sin𝜃𝜃

+ 𝐴𝐴t
𝑙𝑙 sin𝜃𝜃

− 𝐷𝐷
𝑚𝑚
�̇�𝜙      (5) 

Slosh Mass Kinematics Relative to Tank Centerline Attachment: 

𝑌𝑌𝑠𝑠 = 𝑙𝑙 sin𝜃𝜃 cos𝜙𝜙  
𝑋𝑋𝑠𝑠 = −𝑙𝑙 cos𝜃𝜃  
𝑍𝑍𝑠𝑠 = −𝑙𝑙 sin𝜃𝜃 sin𝜙𝜙 
 
Slosh Mass Velocities: 

�̇�𝑌𝑠𝑠 = +𝑙𝑙�̇�𝜃 cos𝜃𝜃 cos𝜙𝜙 −  𝑙𝑙 �̇�𝜙 sin𝜃𝜃 sin𝜙𝜙 
�̇�𝑍𝑠𝑠 = −𝑙𝑙�̇�𝜃 cos𝜃𝜃 sin𝜙𝜙 −  𝑙𝑙 �̇�𝜙 sin𝜃𝜃 cos𝜙𝜙 
 
Slosh Mass Accelerations Relative to Tank: 

�̈�𝑌𝑠𝑠
𝑙𝑙� = +�̈�𝜃 cos𝜃𝜃 cos𝜙𝜙 − �̈�𝜙 sin𝜃𝜃 sin𝜙𝜙  − ��̇�𝜃2 + �̇�𝜙2� sin𝜃𝜃 cos𝜙𝜙 − 2�̇�𝜃�̇�𝜙 cos𝜃𝜃 sin𝜙𝜙 

�̈�𝑍𝑠𝑠
𝑙𝑙� = −�̈�𝜃 cos𝜃𝜃 sin𝜙𝜙 − �̈�𝜙 sin𝜃𝜃 cos𝜙𝜙 + ��̇�𝜃2 + �̇�𝜙2� sin𝜃𝜃 sin𝜙𝜙 − 2�̇�𝜃�̇�𝜙 cos𝜃𝜃 cos𝜙𝜙 

 
Slosh Forces on the Vehicle: 
𝐹𝐹𝑌𝑌 = 𝑚𝑚𝑠𝑠��̈�𝑌𝑠𝑠 + 𝐴𝐴𝑌𝑌𝑌𝑌� Mass x Inertial Acceleration 
𝐹𝐹𝑍𝑍 = 𝑚𝑚𝑠𝑠��̈�𝑍𝑠𝑠 + 𝐴𝐴𝑍𝑍𝑌𝑌� 

Slosh Moments on the Vehicle: 
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Spherical Pendulum Slosh Equations Implementation in Matlab 

 



5.3 The Flixan Vehicle Model with External Spring-Mass Model 

This is an intermediate analysis that will help us test the vehicle model before coupling it with the spherical 
pendulum models. We will couple the new Flixan vehicle model that does not include the slosh modes with 
the two linear slosh models, externally via forces and accelerations, and compare results with the previous 
analysis. It allows us to validate the model coupling process.  

The work files for this analysis are in directory “Examples\23-Classic Launch Vehicle Design & Simulation\5-
Non-Linear Slosh Analysis Using Spherical Pendulum)”. It includes the input file “Flex_Vehi_T350.inp” that was 
used for the 2nd stage stability analysis in Section 3.2.3 and it includes the two propellant modes internally.  It 
also includes the input file “Pend_Slosh_T350.inp”, shown below, that generates a vehicle model “Launch 
Vehicle Second Stage Analysis Model at T=350 sec” that does not include the slosh modes. It provides, 
however, the necessary inputs and outputs on the vehicle system that will allow us to attach the slosh 
subsystems externally. The vehicle system inputs are the Fy and Fz slosh forces which are applied at the tank 
centerline along y and z, at the slosh mass locations. Also, the pitch and yaw moments, My and Nz due to the 
slosh mass displacement ys and zs coupling with the vehicle axial acceleration Ax. The additional outputs are 
vehicle accelerations at the slosh mass locations ay and az which include rotational acceleration effects and 
flexibility. The input file generates also a linear actuator model and the mixing logic matrix Kmix_t350. 

 





 

The following initialization file “init.m” loads the two vehicle systems into Matlab, that is, the previously used 
linear model “vehicle” that includes the slosh modes, and the recently described model “vehicle_pend” that is 
without the slosh. It also loads the linear actuator, the mixing logic, the LQR control gains and it initializes the 
vehicle attitude to [-1, -2, 2] (deg) in roll, pitch and yaw for the simulations. It also initializes the spherical 
pendulum parameters, such as the angles (θ0 and φ0), pendulum length, vehicle acceleration, damping 
coefficient ζ, etc. The slosh damping coefficient was initially set to ζ =0.002, same as the slosh in the original 
vehicle model. 



 

 

Comparison of Linear Models, Internal versus External Sloshing 

To validate the new vehicle model that includes the external spring-mass slosh model, we must compare its 
response with the previous model obtained in Section 3.2.3. We do it by calculating the open-loop frequency 
response of the new model and comparing the Nichols plots with those obtained from previous internal slosh 
implementation. The following frequency response script calculates and compares the Nichols plots from the 2 
open-loop systems. The first one is obtained from the Simulink model “Open_Loop.Slx” which was created in 
Section 3.2.3 and the second model is “Open_Loop2.Slx”, shown in Figure 5.4, and it includes the 2 external 
spring-mass models shown in detail in Figure 5.5. 

 



 

Figure 5.4 Open-Loop Model “Open_Loop2.Slx” for Calculating the Nichols Plot  



 

Figure 5.5 The 2 Spring-Mass Slosh Modes Externally Implemented in Model “Open_Loop2.Slx” Using Matlab 
Functions 

Figure 5.6a compares the Nichols plots obtained from the two systems, the internal versus externally 
implemented spring-mass slosh dynamics, and the results are identical. It shows that with a ζ=0.002 in both 
tanks, the LOX propellant mode in the front of the vehicle is very unstable but the LH2 mode further back is 
phase-stable. Figure 5.6b shows that the instability is still significant even if we increase the damping to ζ=0.02 
in both tanks. The closed-loop simulation model “SpringMass_Sim.Slx” in Figure 5.7 calculates the vehicle 
response to commands. Figure 5.8 shows that the divergence with the low damped slosh modes is 
unacceptable, which leads us to the need of a better simulation model in order to estimate an acceptable 
value for the damping coefficient. Having now validated the new vehicle model with the externally wrapped 
slosh, we can now remove the spring-mass systems and attach the two spherical pendulum models. 

 



 

Figure 5.6 The LOX Slosh Instability is Strong even after Significantly Increasing the Damping Coefficient 



 

 

Figure 5.1 Simulation Model “SpringMass_Sim.slx” that Uses the vehicle System with Internal Spring-Mass Slosh 
Modes 



 

Figure 5.2 The Oscillatory Divergence due to Slosh Instability Using the Spring-Mass Model is Unacceptable  



 

5.4 Non-Linear Slosh Simulation Using the Spherical Pendulum Model 

The Simulink model “Spheric_Pendul_Sim.Slx” in Figure 5.9 includes the spherical pendulum slosh models. It is 
initialized from file “init.m” at selected pendulum angles (θ0 and φ0) and lateral angular spin rate 𝜙𝜙0̇.  The 
response is strongly affected by the value of the damping coefficient ζ. The amplitude of the oscillations are 
also affected by the initial pendulum angle θ0 and also the spin rate 𝜙𝜙0̇. The damping coefficient is adjusted in 
the simulations until we can obtain responses of acceptable limit-cycle amplitudes in the attitude, body rates 
and gimbal angles, which happens at a minimum ζ=0.01. This implies that some baffles are needed inside the 
tanks, especially in the LOX tank. 



 

 

Figure 5.9 Spherical Pendulum Simulation Model “Spheric_Pendul_Sim.Slx” Showing the Vehicle Subsystem with the 
Pendulum Modes wrapped around it 



 

 

Figure 5.3 Spherical Pendulum LOX and LH2 Mode Subsystems Implemented in Matlab Functions 

Simulation Results 

Three sets of results are shown in Figure 5.11 (C, D, E) using a damping coefficient ζ=0.01. They are initialized 
from different pendulum angles and rates. The last one begins with a significant amount of slosh mass spin 
rate 𝜙𝜙0̇=200 (deg/sec). The results from the non-linear slosh model are almost acceptable even though linear 
analysis suggests strong LOX mode instability at ζ=0.01. 

 



  



 





 



 



  



 

 

  



5.5 Derivation of Spherical Pendulum Equations 

Downloaded from:  

 (784) Equations of Motion for the Spherical Pendulum (2DOF) Using Lagrange's Equations - YouTube 

  

https://www.youtube.com/watch?v=Qo0IW91tniw


 

 

 



6.1 Simulation Overview 

The simulation model is in file “LV_6DOF_Slosh.slx” and shown in Figure 6.1. It includes the 6DOF vehicle dynamics block 
which is implemented by a Simulink function “Variable Mass 6DoF ECEF (Quaternion)”, the environmental model that 
produces the gravity forces, a block that produces: α, β, Mach number, and dynamic pressure, the block that generates 
the forces and moments on the vehicle, and the flight control system that also includes the guidance. 

 

Figure 6.1 Launch Vehicle 6DOF Simulation Overview Block Diagram 

The vehicle block is shown in detail in Figure 6.2. It receives external forces and moments and calculates the ECEF 
positions and velocities, accelerations, body rates, attitudes and quaternions. The vehicle mass and flow rate are 
calculated versus time and the moments of inertia are scheduled as a function of mass, see Figure 6.4.  



 

Figure 6.2 Vehicle Subsystem Uses a Simulink 6DOF Function 

 

Figure 6.3 Vehicle Mass and Propellant Flow Rate Calculation 



 

Figure 6.4 Moments of Inertia are Scheduled as a Function of Vehicle Mass 

  



 

Figure 6.6 This Function Calculates the Acceleration at the Accelerometer Measurement and the Acceleration at the Engine 
Gimbals 

Figure 6.5 Engine Gimbals 
to Vehicle CG Moment 
Arms Calculation 

 



 

Figure 6.7 Flight-Path Angle Calculation 

 

Figure 6.8 Rate Gyro Measurements and Attitude Quaternion Calculation 

Figure 6.6 calculates the acceleration measured at the accelerometer location, and also the acceleration at the 1st stage 
and 2nd stage gimbals. The Gamma function in Figure 6.7 calculates the flight-path angle from the vehicle ECEF position 
and velocity. It compares it with the reference angle γ-ref and calculates the error. The rate-gyro function in Figure 6.8 
calculates the gyro measurement and also the attitude quaternion. Figure 6.9 is the Environmental model which 
calculates the gravity force Fgrv as a function of vehicle longitude, latitude, and altitude. It also calculates atmospheric 
parameters, such as pressure, air density and speed of sound which are used for calculating the dynamic pressure and 
Mach number. 



 

Figure 6.9 Environmental Model 

There is also a winds disturbance model, shown in Figure 6.10 that produces additional wind velocities and wind 
rotational rates generated from the wind-shear and wind-gust disturbance models. 

 

Figure 6.10 Wind Disturbance Models 

  



The subsystem in Figure 6.11 calculates the angles of attack and sideslip (α, β), the dynamic pressure Qbar, the velocity 
relative to wind, the Mach number, and the vehicle rates relative to the wind (pqr). It also calculates the Q-alpha and Q-
beta products which are used to measure the normal and lateral structural loads on the vehicle.  

 

Figure 6.11 Alpha, Beta, Dynamic Pressure, Mach Number Calculation 

  



6.2 Flight Control System Overview  

Figure 6.12 shows an overview of the Flight Control System (FCS) which includes 1st and 2nd stages. The guidance block 
on the left side calculates the roll, pitch and yaw attitude errors that feed into the pitch and lateral FCS, and also into the 
reaction control system (RCS). The FCS calculates the roll, pitch and yaw acceleration commands that go into the mixing 
logic TVC matrices Kmix1 for 1st stage and Kmix2 for 2nd stage and they are converted to pitch and yaw engine deflection 
commands (δy and δz), as shown in Figures 6.13. The second stage TVC matrix controls only pitch and yaw because roll is 
handled by the RCS jets. The TVC matrices are fixed, but the commands (DP, DQ, DR)TVC are scaled as a function of the 
mass properties and vehicle geometry. 

 

Figure 6.12 Flight Control System  
The TVC matrices command the 1st and 2nd stage actuator subsystems, shown in detail in Figures 6.14 and 6.15. The 1st 
stage subsystem includes 8 pitch and 8 yaw actuators and the 2nd stage subsystem includes 1 pitch and 1 yaw actuator. 
The actuator subsystems are also driven by load-torques at the gimbals. These are reaction torques generated by vehicle 
motion due to from linear and angular accelerations at the gimbal. The load-torques counteract the control torques at 
each actuator subsystem. The flags “S1_shutdown” and “S2_startup” activate the proper actuator subsystem during 1st 
and 2nd stages. 



 

 

Figure 6.13 First and Second Stage TVC Matrices 



 

Figure 6.14 First Stage Pitch and Yaw Actuator Subsystem 
The vectors Dye and Dze are the pitch and yaw gimbal deflections and they include 9 elements each. The first stage 
deflections are the first 8 elements in those vectors and the 9th element is grounded. The outputs TLy and TLz are the 
pitch and yaw load-torques at each gimbal. “AxyzGmb” are the linear accelerations and “Wdot” are the angular 
accelerations at the 1st stage gimbals. The parameters (me1, Le1, Ie1) are the engine mass, gimbal to engine CG moment 
arm, and engine inertia for 1st stage. The combined power from all engines is calculated “Power”.  



  

Figure 6.15 Second Stage Pitch and Yaw Actuator Subsystem 

The pitch and yaw gimbal deflections vectors Dye and Dze include 9 elements. The 9th element in those vectors are the 
second stage deflections and the 1st stage deflections (1:8) are grounded. The outputs TLy and TLz are the pitch and yaw 
load-torques at the 2nd stage gimbal. “AxyzGmb” are the linear accelerations and “Wdot” are the angular accelerations 
at the 2nd stage gimbal. The parameters (me2, Le2, Ie2) are the engine mass, gimbal to engine CG moment arm and the 
engine inertia for 2nd stage. The position measurement error is included as noise in the actuator inputs. 

The pitch and yaw gimbal deflections Dye and Dze and the actuator shaft positions Xpy and Xpz for the first and second 
stages are combined together into single 9-element vectors. The output is switched from 1st to 2nd stages by the stage 
separation flag “stage_sep”.   



 

Figure 6.16 The 1st and 2nd Stage Engine Deflections are Combined in Single Vectors  

  



6.3 Electro-Mechanical Actuator 

The EM actuator models for 1st and 2nd stages are shown in Figure 6.17. The position error drives the shaft dynamics 
which is represented by a first order TF. The position error is pushing against the combined system stiffness KT to 
generate the shaft force which is multiplied by the moment arm R to generate the control torque that rotates the 
engine. The control torque is counteracted by the load-torque TLoad that comes from the vehicle model. The stiffness KT 
is calculated by combining 3 stiffnesses in series (adding the inverses): the actuator attachment to the backup structure, 
the actuator attachment to the nozzle, and the shaft stiffness. The actuator power is calculated as the product of shaft 
force times the shaft rate. The position measurement error is included as noise at the input. The shaft position output is 
XP. The 1st and 2nd stage actuator models are a little different because the engine inertias and geometries are different. 
First stage includes 8 pitch and 8 yaw actuators, a total of 16, for the 8 gimbaling engines. Second stage has only one 
engine and therefore 2 actuators, one for pitch and one for yaw. The 1st and 2nd stage actuator models are implemented 
in library function “Actuator_Lib.slx”. 

 

Figure 6.17 Engine Gimbal Actuator Model 

Figure x shows the non-linear gimbal dynamics which is described by the function “gimbal”. It calculates the gimbal 
angle and gimbal acceleration for each rotational direction. The input torque Tin must exceed the static friction torque Tst 
before the engine can move, and when it does the output acceleration is (Tin - Tst)/Jg, where Jg is the engine inertia. 
When the gimbal is moving, the friction torque resisting motion is TFR= Tst sign(rate) and the output acceleration is (Tin – 
TFR)/Jg. The gimbal rate is obtained by integrating the acceleration. The rate is reset to zero by the signal Rvel every time 
the acceleration drops to zero. The rotation angle δ is the integral of the gimbal rate. 



 

Figure 6.18 Engine Gimbal Dynamics 

  



6.4 Guidance System 

The Guidance block is shown in detail in Figure 6.19. In the pitch axis the guidance is open-loop, consisting of an attitude 
quaternion command that is compared against the vehicle attitude quaternion (qtb3). It calculates the attitude errors 
which command the flight control system.  

 

 

Figure 6.19 Guidance Subsystem  



 

Figure 6.20 Inclination Control System 

In lateral, the guidance system controls the vehicle inclination by comparing the angular momentum vector against the 
reference momentum. The cross-product produces an error which is proportional to the inclination error that generates 
the yaw command. The angular momentum reference is in ECI and there is a transformation included to convert the 
vehicle position and velocity from ECEF to ECI.  



6.5 Pitch Flight Control System 

The Pitch FCS block includes both 1st and 2nd stages and it is shown in detail in Figure 6.21. The LQR derived gains are 
scheduled as a function of the relative velocity V0. The state-feedback during first stage is from: pitch attitude θ, pitch 
rate q, angle of attack α, θ-integral, and α-integral. The state-feedback for second stage is from: pitch attitude θ, pitch 
rate q, and θ-integral. An angle of attack estimator is used to estimate alpha. The FCS output is pitch acceleration 
demand “DQ_tvc” that goes to the TVC matrix. The flags “s1_shutdown” and “s2_startup” switch between the 1st and 
2nd stage subsystems. The 1st and 2nd stage control demands are scaled by the loop-gains “Kml2-1” and “Kml2-2”. The 
loop-gains are scheduled as a function of the mass properties and geometry. The scaling factors are derived from the 
Flixan generated TVC matrices at each flight condition during the control design. By varying the loop-gains instead, it 
allows us to use constant TVC matrices throughout 1st or 2nd stages. 

 

Figure 6.21 Pitch Flight Control System 

The alpha-estimator is shown in detail in Figure 6.22. It estimates the angle of attack by solving the normal acceleration 
equation, real-time in closed-loop form including an integrator and a slosh notch filter. It uses the pitch rate, the normal 
accelerometer signal, the pitch gimbal deflections, the vehicle thrust and mass. It also uses the normal force aero 
coefficient CZα and the dynamic pressure Qbar which vary as a function of the relative velocity V0. The slosh-notch/ 
integrator block inside the loop includes the estimator gain “K_estim1” and a slosh notch filter that has a variable notch 
frequency. The estimator gain and the notch frequency vary as a function of the relative velocity. Lookup tables are used 
to calculate the parameters as a function of the velocity V0. Figure 6.23 shows the 1st stage low-pass filter. Its bandwidth 
varies as a function of the velocity V0. 



 

Figure 6.22 Alpha Estimator with Variable Slosh Notch Filter 

  



 

Figure 6.23 Variable Bandwidth Low-Pass Filter 

6.6 Lateral Flight Control System 

The Lateral FCS block consists of 1st stage and 2nd stage subsystems and it is shown in Figure 6.24. Its inputs are roll and 
yaw attitude errors and the outputs are roll and yaw acceleration demands (DP, DR)TVC. Figure 6.25 shows the 1st stage 
FCS in detail. The state-feedback is from: roll and yaw attitudes (φ, ψ), roll and yaw rates (p, r), angle of sideslip β, ψ-
integral, and β-integral. The LQR derived gains are scheduled as a function of the relative velocity V0. The roll and yaw 
acceleration demand outputs are scaled by the loop-gains “Kml1-1” and “Kml2-2” which are scheduled as a function of 
the mass properties and geometry derived from the mixing-logic program. The β-estimator is shown in detail in Figure 
6.26. It estimates the sideslip angle by solving the lateral acceleration equation, real-time in closed-loop form, including 
an integrator and a slosh notch filter. The estimator inputs are yaw rate (r), lateral acceleration (�̈�𝑦), yaw gimbal 
deflections (δz), vehicle thrust and mass. It needs also the lateral aero force coefficient CYb and the dynamic pressure 
Qbar which vary with relative velocity V0. 

 

Figure 6.24 Lateral Flight Control System Consisting of 1st Stage and 2nd Stage Subsystems 



 

Figure 6.25 First Stage Lateral Flight Control System 

 

Figure 6.26 Angle of Sideslip Estimator 

  



 

Figure 6.27 Second Stage Lateral FCS 

The 2nd stage FCS is shown in Figure 6.27. It controls only yaw (DR_tvc) because roll is controlled by the RCS during 2nd 
stage. The state-feedback is from: yaw attitude ψ, yaw rate r, and ψ-integral. The LQR gains are scheduled as a function 
of the relative velocity V0, and the yaw acceleration demand output is scheduled as a function of the loop-gain “Kml2-2” 
which varies with the mass properties and geometry. 

6.7 Reaction Control System (RCS) 

The RCS jets are used to control attitude during the coasting period between the first and second stage ignition. The jets 
are also used for roll control during stage-2. The RCS subsystem is shown in Figure 6.28. It includes a Phase-Plane logic 
and a Jet Selection logic that receives attitude errors and body rates. 

 

Figure 6.28 RCS Control System 



 



 

The phase-plane logic receives the vehicle attitude errors and the body rates, and calculates a unit vector (eu) that the 
vehicle must be rotated about. The RCS jet selection logic receives the rotational direction and the max number of jets 
to be selected (Imax) from the phase-plane logic. It uses the dot-product method to select a number of jets (Isel ≤ Imax) 
that contribute sufficiently in the required direction and it calculates the jet forces vector (fp). The unselected jet forces 
are set to zero. The logic selects the best contributing jet along (eu), plus other jets that can provide at least 72% of the 
best contributor torque. 

  



6.8 Forces and Moments System 

The forces and moments system in Figure 6.29 combines the propulsion forces and moments with the aerodynamic 
forces and moments and also the slosh forces and moments generated by separate subsystems and it applies them to 
the vehicle block. It also generates the linear acceleration vector along x, y, z. It consists of 3 subsystems: the propulsion, 
the aerodynamics, and the slosh models. 

 

Figure 6.29 Forces and Moments System 

6.8.1 Propulsion System 

The propulsion block is shown in Figure 6.30. It generates the forces and torques on the vehicle generated by the TVC 
engines and the RCS jets. It includes several subsystems. A subsystem that calculates the engine thrusts for the 1st and 
2nd stages and subsystems that calculate the engine and RCS x, y, z forces and torques. The force and torque vectors are 
combined and applied to the vehicle. It also includes logic that switches the forces and torque vectors from 1st to 2nd 
stage. The engine thrust calculation logic in Figure 6.31 calculates the 1st and 2nd stage TVC engines thrust as a function 
of the atmospheric pressure, the fuel flow rate and the ISP. It includes flags that switch between 1st and 2nd stages. 

The subsystem in Figure 6.32 calculates the forces and moments applied to the vehicle by the 8 TVC engines and the 
fixed 9th engine which does not gimbal. The Forces and Moments of each engine are calculated by the 9 subsystems as a 
function of the corresponding gimbal angles (δy, δz). Similarly, the subsystem in Figure 6.33 calculates the forces and 
moments applied to the vehicle by the second stage TVC engine. The subsystem in Figure 6.34 calculates the forces and 
moments on the vehicle which are created by the 8 RCS jets located around the 2nd stage TVC engine and their thrusts 
are tangential to the circumference generating forces along the ±Y and the ±Z axis.  



Figure 6.30 Propulsion System 

 

Figure 6.31 Engines Thrust Calculation Subsystem 



 

Figure 6.32 First Stage TVC Engine Forces and Moments 

 

  

The Forces and Moments of 
each engine are calculated 
as a function of the Gimbal 
Angles (δy, δz) 



 

Figure 6.34, Forces and 
Moments on the Vehicle 
Generated by the RCS Jets 

Each RCS Jet Produces a Force and a Torque Vector 

Figure 6.33 Engine Forces and Moments 
Generated by the Second Stage TVC  

 



6.8.2 Aerodynamic Forces and Moments 

The subsystem in Figure 6.35 calculates the aerodynamic forces and moments for the 1st and 2nd stages. The aero 
coefficients are included in tables and they are interpolated as a function of the angles of attack and sideslip (α, β) and 
also as a function of the Mach number. The stage-separation flag switches the aero-data from 1st to 2nd stage look-up 
tables. The aero coefficients moments are computed relative to a fixed reference point, the MRC, and they are adjusted 
to be about the CG. A separate Simulink function on the RHS generates the forces and moments. It converts the 
coefficients from MRC to the vehicle CG and it uses the dynamic pressure, reference area and length to calculate the 
forces. The aero-data interpolation functions for 1st and 2nd stages are shown in detail in Figure 6.36. 

 

Figure 6.35 Aerodynamic Forces and Moments Block 



  

Figure 6.36, First and Second Stage Aero-Data 
Interpolation, Functions of Alpha, Beta & Mach 



6.9 Propellant Sloshing Model 

The non-linear, spherical, elastic pendulum, propellant sloshing model is included in this simulation. It is described in the 
vehicle equations chapter in Section 2.6, where the slosh mass is attached by an elastic string from the center of a sphere, see 
Figures (2.6.9 to 2.6.11) and equations for details. The mass can swing like a pendulum, spin around the tank, or bounce 
against the tank wall when its distance from the center exceeds the elastic pendulum length. The motion of the slosh mass 
relative to the tank is excited by vehicle accelerations and when it moves, it generates forces against the tank walls which are 
applied back to the vehicle at the center of the sphere. The slosh subsystem is shown in Figure 6.37, and it includes 2 tanks for 
the LOX and the LH2 propellants. The slosh mass locations (Xlox, Xfuel) are needed to calculate the moment arms and they are 
scheduled with vehicle mass. The inputs to the slosh models are vehicle accelerations at the slosh mass. The outputs are 
forces and moments produced by the motion of the mass. The non-linear dynamic motion of the slosh mass relative to the 
tank is implemented as a Matlab function, shown in Figures 6.38 and 6.39. The additional input parameters: slosh mass, 
pendulum length, and damping coefficient, are scheduled as a function of vehicle mass. 

 

  

Figure 6.37 Propellant Sloshing 
Simulation Model  

 

Figure 6.38 LOX Pendulum 
Model Implemented as 
Matlab Function 



 

Figure 6.39 Slosh Dynamics Implemented as a Matlab Function 

  



6.10 Initialization and Other Data Files 

The simulation is initialized from file “init.m”.  

 

• This file initializes the vehicle position and attitude (Euler angles) in the launch pad. Also, the CG, aerodynamic 
parameters, and some event parameters.  

• Loads a “Commands” file that includes trajectory parameters used for reference, and a Guidance commands file 
“Commands_2” that includes the angular momentum vector command and the quaternion command.  

  



 

• It also loads the vehicle mass and moments of inertia from the mass properties file “Mass-Props” and the slosh 
parameters from file “Slosh”, which includes: slosh masses, frequencies, damping and slosh locations versus 
vehicle mass.  

• There are TVC engine data, engine masses and inertias, gimbal locations, RCS jet locations and thrust directions.  

• There are TVC matrices for first and second stages.  



 

• The initialization file is also loading the aerodynamic coefficients for 1st and 2nd stages from files 
“Stage1_Aero_Coeff” and “Stage2_Aero_Coeff”. The 3 force and 3 moment coefficients are listed as 3-
dimentional matrices of the variable against Mach number, alpha and beta angles.   



 

• Finally, it loads the 1st and 2nd stage flight control gains from files “FCS_Gains_Stg1” and “FCS_Gains_Stg2”, and 
other mass properties. 

  



The following tables show part of the input data files which are loaded into Matlab 

 

Figure 6.40 Mass Properties Table in File “Mass_Props” 

 

Figure 6.41 Table of Variables versus Time, File “Commands” 

  



 

Figure 6.42 Table of Lateral Guidance and Quaternion Commands, file “Commands_2” 

 

Figure 6.43 First Stage Flight Control Gains “FCS_Gains_Stg1” 

 

Figure 6.44 Second Stage Flight Control Gains “FCS_Gains_Stg2” 

The aero coefficients are a function of Mach#, alpha, and beta. For example, CX(Mach, α, β) 

 

Figure 6.45 First Stage Aero-Data File “Stage1_Aero_Coeff.m” 

  



Simulation Results 

The simulation includes both first and second stages, beginning from the vertical position on the launch pad, all the way 
to orbit insertion. The vehicle performs a roll maneuver immediately after lift-off that rotates it vertically towards an 
azimuth attitude that will achieve the desired inclination. Figure-1 shows the vehicle flight-path angle gamma against 
the expected gamma. It begins with an almost vertical γ and ends up horizontal at the end of second stage. 

 

Figure 6.46 Flight-Path Angle Gamma 

  



 

Figure 6.47 Pitch Attitude and Inclination Angles 



 

Figure 6.48 Gimbal Deflections and Actuator Shaft Extensions. Noise is Included in the Actuator Model 
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